PROFILES OF BOUNDED RADIAL SOLUTIONS OF THE FOCUSING, 
ENERGY-CRITICAL WAVE EQUATION 



(1.1) 



THOMAS DUYCKAERTS 1 , CARLOS KENIG 2 , AND FRANK MERLE 3 

Abstract. In this paper we consider global and non-global bounded radial solutions of the 
focusing energy-critical wave equation in space dimension 3. We show that any of these solutions 
decouples, along a sequence of times that goes to the maximal time of existence, as a sum of 
modulated stationary solutions, a free radiation term and a term going to in the energy 
space. In the case where there is only one stationary profile, we show that this expansion holds 
asymptotically without restriction to a subsequence. 



1. Introduction 

Consider the energy critical focusing wave equation in space dimension 3: 
j dfu -Au-u 5 = 

\ u lt=0 = n G HHR 3 ), d t u lt=0 = Ul e L 2 (R 3 ). 



Equation (jl.ip is locally well-posed in H 1 x L 2 : for any initial data (uo,u\) G H 1 x L 2 , there 
exists a unique solution u defined on a maximal interval of definition (T_(u),T + (u)) = I m ax(^) 
such that (tt, dtu) G C°(/ max , H 1 X L 2 ) and u G L 8 (Jx M 3 ) for any compact interval J C I m ax(u)- 
The energy of the solution: 

(1.2) E[u] = E(u{t),d t u(t)) = \ ( \Vu{t)\ 2 dx + \ [ \d t u{t)\ 2 dx - \ [ \u(t)f dx 

is conserved. Note that the H 1 x L 2 norm and the energy are invariant under the scaling which 
preserves the equation. In this work we study radial solutions of (jl.ip that are bounded in the 
energy space for positive times, i.e. satisfy 

(1.3) sup \\Vu(t)\\ 2 L2 + \\d t u(t)\\ 2 L2 < oo. 

te[o,T + («)) 

In the case T + = T + (u) < +oo, we call these solutions type II blow-up solutions. Recall that 
(jl.ip has an explicit stationary solution: 

(1.4) W := 1 



!+ 3 



i 

X\ 2 \ 2 
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Recall that in |13] . [7], it is shown that if u is radial and 

sup ||Vu(t)||| 2 < ||W||| 2 , 

i6[0,T+) 

then T + = +00 and the solution scatters forward in time. The threshold ||VW||^ 2 is sharp. 
Indeed from [16] . for all 770 > 0, there exists a type II radial blow-up solution such that 

(1.5) sup \\Vu(t)f L2 < WVWfv+Tfi. 

te[o,T+) 

Moreover the solution is of the form: 

(1.6) u(t,x) as J^J^V (j^j +e*(x), 

where e* G H 1 and X(t) = (T + — t) 1+u , v > 1/2. In [8], the converse result was established, i.e all 
type II radial solutions satisfying (|1.5p have the behavior given in (jl.6p for some X(t) = o(T + — t). 
This type of result was extended to the non-radial case in [7J. The introduction of [8] gives 
background and references on related results for other equations, such as GKdV [13 [19], mass- 
critical NLS \20\ 121] and for wave maps in [5j[23] and [241 125], Note that these wave map results 
do not need the smallness assumption (jl.5p . However, in that problem, the density of the 
conserved energy is positive, which, combined with finite speed of propagation, gives decrease 
of the integral of the density of energy on sections of inverted cones. The existence of such a 
Lyapunov functional greatly simplifies the problem. In this paper we address for the first time 
a situation in which the smallness condition (ll.5p is not assumed and no Lyapunov functional 
as described above seems to be available. 

In our results, we distinguish between two cases. Let us start with the case T + < 00. If {a n } 
and {b n } are two sequences of positive numbers, we write a n <C b n when a n /b n goes to as n 
goes to infinity. 

Theorem 1 (Blow-up type II solutions). Let u be a radial solution of (II. ip such that T + < 00 
and (jl.3p holds. Then there exist (vq,vi) £ H 1 x 1? , a sequence t n — > T + = T + (u), an integer 
Jo > 1, ^0 sequences {Aj jn } ngN; j = 1 . . . Jq of positive numbers, Jq signs ij G {±1} such that 




(1-8) A i>n < A 2 ,n < • • • < A Jo , n < (T+ - t n ). 

Furthermore 

(1.9) lim / l -\Vu{t,x)\ 2 + \{d t u{t,x)) 2 -\(u{t,x)fdx = J E(W,0). 

*-> T + J\x\<T+-t 2 2 6 

Note that, at least for one sequence of times, this gives a complete description of type II 
radial blow-up solutions as a sum of rescaled, decoupled ground states W. We expect that such 
a decomposition still holds for all sequences of times, but at the moment this remains open. 
However, the quantization result (|1.9p is established here for all times. Note that the analog of 
Theorem [1] for co-rotational wave maps is unknown and does not follow from [23] , [25] . It is 
unclear at this time if one can actually contruct solutions with the description given in Theorem 
□ with J > 2. 
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Theorem 2. Assume that Jo = 1 in the preceding theorem. Then there exist X(t), defined for 
t < T + close to T + , and a sign l\ 6 {±1} such that 



(1.10) 

and 
(1.11) 



lim 

t->-T+ 



u{t) - Vq 



'1 



AV2(f) 



w 



lim 



X(t) 
A(i) 



, d t u{t) - vi 



0. 



0, 



t^T+ T + - t 

Corollary 3. Let u be a radial type II blow-up solution of (II. ip such that 

(1.12) lim sup / \Vu{t,x)\ 2 dx <2\\VW\\ 2 L 2. 

te[0,T + ) J|x|<T + -t 

T/ien u satisfies the conclusion of Theorem^ 

The proof of Theorem [2] uses the description of small type II blow-up solutions given in [8], 
and is also heavily dependent on properties of the solution W + constructed in [9]. In particular, 
we establish here a rigidity result for W + (Theorem I6.2[) . as well as the fact that W + is a type I 
blow-up solution (Theorem I6.7P , facts which are of independent interest and central to our proof 
of Theorem [2j As a consequence of Theorem 16.21 and the main result of p3] , we also complete 
the classification of solutions of (jl.ip at the energy threshold E[u] = E[W] in the radial case 
(see Corollary 16. 3p . 

We will also prove the analoguous results in the globally defined case. In this case the solution 
is, at least for a time sequence, a sum of rescaled W and of a finite energy solution to the linear 
wave equation: 

(1.13) 8 2 v L - Av L 

Theorem 4 (Globally defined solutions). Let u be a radial solution of (jl.ip such that T + = +oo 
and (jl.3p holds. Then there exists a solution v L of (|1.13p . a sequence s n — > +oo, an integer 
Jo > 0, Jq sequences {Xj, n } n& ?$, j = 1 ■ ■ ■ Jo of positive numbers, Jq signs lj G {±1} such that 



0. 



(v h ,d t v L )v =0 £ H 1 x L 2 . 



(1.14) 



lim 

n— >oo 



u(Sn) ~ V L (s 



n) - XI ~1/2 W ( ~ ) ' d tu(s n ) - d t V h (s n ) 
i=l \\n ,? ' n 



0. 



H 1 xL 2 



with 
(1.15) 

Furthermore, for all A > 0, 
(1.16) 
exists and 



lim 

s— >+oo 



x\<s—A 



Al,n < A 2 ,n < • • • < Aj 0i „ < S n . 

l\Vu(t,x)\ 2 + J(a^(i,x)) 2 - i(u(t,x)) 6 dx = E A 
lib 



lim = J E(W,0). 

A— s-+oo 



Theorem 5. Assume that Jo = 1 in the preceding theorem. Then there exists X(t), defined for 
large t > 0, and a sign l\ £ {±1} suc/i t/iai 



(1.17) 



lim 

t— >+oo 



u(t)-v L (t) 



1*1 



W 



AV2(t) \\(t) 



,d t u(t) - d t v L (t) 



0. 



mxL 2 
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and 
(1.18) 



lim m 

t— >+oo t 



0. 



Corollary 6. Let u be a bounded radial solution of (jl.ip with T + (u) 
exists A G K suc/i i/iai 



+oo. Assume that there 



(1.19) 



lim sup / |Vu(t,rr)| 2 dx < 2||VW||| 2 . 



T/ien either u scatters or satisfies the conclusion of Theorem [3] 

Remark 1.1. If u is a radial solution satisfying (jl.3p . such that T+(u) = +oo and E(uq,ui) < 
2E(W,0) then either it scatters or satisfies the conclusion of Theorem [5j 

Theorem^ Theorem [5] and Corollary [6] are the analogs for bounded, globally defined solutions 
which do not scatter of the results for type II blow-up solutions. The proofs are essentially the 
same. Note that the existence of solutions as in Theorem [5] follows from [15] for X(t) = 1 and 
[6] for X(t) ^t a , a£l close to 0. 

Remark 1.2. In theory, one might expect, in the case Jo > 2 that the conclusion of Theorems 
[1] and U] only holds for some sequence of times. However, we conjecture that it holds for all 
sequences converging to T + (u), i.e that there exist positive Ai(i), . . . , Xj (t) such that 



(EH) 



lim 



, d t u(t) - vi 



with Xi(t) C...<A j (t) < T + (u) - t as t ->■ T+(n) if T + (u) < oo and 

•A) 



(HI) 



lim 

t— >oo 



,5 t u(t) - 5 t ?; L (i) 



H 1 xL 2 



with Ai(t) < . . . < Aj (i) < i as t -> +oo if T + (u) = +oo. 

This is exactly the soliton resolution conjecture for bounded solutions of ([Lip in the radial 
case. The only equation where this type of result is known so far is the KdV equation in the 
integrable case, see [11], [TO] . 



Remark 1.3. In the recent work of Krieger, Nakanishi and Schlag [14] . it is proved that there 
exists a small rjo > such that for any radial solution u of f 1 1 . 1 f) with E(uq,u\) < E(W, 0) + r/o, 
one of the following holds: 

(a) T + (u) < oo; 

(b) u scatters forward in time to a linear solution; 

(c) T + (u) = +oo and (u,dtu)(t) is for large positive t in a small H 1 x L 2 -neighborhood of 
the manifold 

i 



S 



-W 



,0 



A > 0, i = ±1 



,AV2" va> 

According to Corollary [6] the solutions in case (jcj) are exactly of the form given by the conclusion 
of Theorem [5j 



BOUNDED SOLUTIONS FOR CRITICAL WAVE 



5 



The key new ingredient for the proof of Theorem [I] is a dispersion property for a compactly 
supported solution of (see §3.1.3|) . without any smallness assumption on the solution. 

Using this property together with the profile decomposition of [3], we show in Section [3] that no 
energy concentrates in the self-similar region, i.e: f eo (T + -t)<\x\<T + -t \^ u (^)\ 2 + (dtu(t)) 2 dx — > 
as t — > T + . This is then combined in Section [4] with arguments as in [8] , [7j to give Theorem 
CD Section [5] is dedicated to the proof of Theorems [2] and [5j and Section [6] to some properties of 
the solution W + constructed in [Qj. 

Notations. We will denote by o n (l) a sequence real numbers that goes to as n — > oo. If 
{A n }n and {fi n }n are two sequences of positive numbers, X n <§C [i n means that \ n /fJ-n = o n (l). 
We will denote 

B p = {y € M 3 , s.t. \y\ < p] , 
and by S L (t) the linear wave propagator: 

, . _ . , , . , , — t-. sin(t\/— A) 

Vl (t) = S L {t){v , Vi) = cos(£V-A)?;o H == — v\ 

V— A 

is the solution of (|1.13p with initial data {vq, v\) at t = 0. We will also denote by S L (t)(vQ,vi) 
the vector (v L (t) , dtv L (t)) . 



2. Preliminaries 



2.1. Profile decomposition. We recall here the profile decomposition of H. Bahouri and 
P. Gerard [3]. Recall that such decompositions first appeared in the elliptic case in [1] and 
[TT] and simultanuously to [3] in [22] for the Schrodinger case. 

Consider a radial sequence (tto.n, ^i,n)n which is bounded in if 1 x L 2 . Let {Ul)j>\ be a 
sequence of radial solutions of the linear equation 

(2.1) d\v - Av = 0, v ri=0 = v , d t v lt=0 = «i 

with initial data (Uq,UD € -ff 1 x L 2 , and (Aj in ;t J)n ) 6 (0, +oo) x R, j, n > 1, be a family of 
parameters satisfying the pseudo-orthogonality relation 



(2.2) 



Aj,n Afc 



lim + 



+ 



^fc,n I 



Aj,n 



+oo. 



We say that (uo >n , Ui jn ) n admits a profile decomposition | .> {-^j,n ; *j,n}j n when (wQ n ,w{ n ) 
defined by 



(2.3) 

satisfies 
(2.4) 



WqJx) = n 



J 1 



J =1 ^j,n 



.)■" 



w l,n( x ) = u l,n ~ ^2 —dtUl 



=1 A 



X 



.)■» 



lim limsup ||^|L 8m4 , = 0, 
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where is the solution of (|2.ip with initial data (wq u , wf n ). By [3], if the sequence (uq. ni ^l,n)n 

is bounded in the energy space H 1 x L 2 , there always exists a subsequence of (tto,nj u i,n)n which 
admits a profile decomposition. Furthermore, 



(2.5) 



1 7 ^7 

,J 1+ . \ . „.\ \ 2 a„„J 



3 <J^ ( *j,n w n (*J,n. Aj,„2/) , Xl n d t W n (t jtn , X j>nV ) — — » 0, 



weakly in i?* x Ljj. In other words, the initial data (Uq,U() of the profiles may be defined as 
weak limits, in H 1 xL 2 , of sequences ^Xl/ 2 v n (t n , X n -), Xn 2 dtv n (t n , A n -)|, where v n is the solution 

of (|2.ip with initial data (uo tn ,ux tn ), {A n ,} n , {t n } n are sequences in (0, oo) and R respectively. 
The following expansions hold for all J > 1: 



(2.6) 
(2.7) 



ko.nll^i - J] 
3=1 
J 



\\ui !n \\ 2 L 2 — 

i=i 

(2.8) %,„,«i, B )=^£fe 



Ul 



dtUl 



-t 



X 



.)■" 
t 



.)■" 



A 



m 

2 

L- 



+ IWJjji +°n( 1 ) 



+ || w f,n||i2 +On(l) 



Xj,n 



Fixing j and replacing U[{t,x) by Vi{t,x) = —U[ 



i TT3 ( t ~ t i x 



A - 



+ E(w$ ,w{ n ) +o n (l). 



for some good choice of the 



parameters Aj, tj, and extracting subsequences, we will always assume that one of the following 
two cases occurs 

U 



(2.9) 



Vn, tj jU = or Jim G {— oo,+oo}. 



n-Kx) A, n 



Furthermore, we will also assume that for all j, the sequences an d {Aj >n } have limits in 

R U {±00} and [0, +00] respectively. 

For any profile decomposition with profiles | an d parameters {Xj >n , tj >n }, we will denote by 
{U 3 } the non-linear profiles associated with ( /, J> ^ ,9tUl ( A <J '" J | , which are the unique 
solutions of (jl.ip such that for all n, A <J '" E /max (f^- 7 ) and 



lim 

n— »+oo 



u j 



-tj,n 



A 



Ul 



Xj,n 



+ 



X 



A 



By the Strichartz inequalities on the linear problem and the small data Cauchy theory, if 



lim, 



ra->+oo \ 



(2.10) 



+00, then T + (U 3 ) = +00 and 

S > T_ (U J ) =^ ||^ J ||i8( So ,+oo) < °°- 



An analoguous statement holds in the case lim n _ >+00 -^ 2L = +00. We will often write, for the 
sake of simplicity 
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and 
(2.12) 



\t=o 



U j II j 



|t=0 



We will need the following approximation result, which follows from a long time perturbation 
argument. See the Main Theorem p. 135 in [3], and a sketch of proof right after Proposition 2.8 
in [8]. 

Proposition 2.1. Let {(tto,n> u i,n)}n be a bounded sequence in H l x L 2 admitting a profile 
decomposition with profiles {U[} and parameters {tj tU , ^j >n }- Let 9 n G (0, +oo). Assume 



(2.13) Vj > 1, Vn, 



'n u 3>n 



X 



<T + {U :) ) and lim sup 1 1 U 3 I 



n— >-+oo 



L 8((_l2£L j !!!C£z£i) xM 3) 

^ j,n j,n ' 



< oo. 



Let u n be the solution of (II. ID urei/i initial data («o,n,^i,n)- T/ien /or Zarge n, u n is defined on 

[Wn), 



(2.14) 

and 

(2.15) 

where 
(2.16) 



lim sup ||% 

n— >-+oo 



l L8((0,e„)xR3) 



< OO, 



Vt e [0, n ), u n (i, s) = ^ C# (i, s) + ^(i, s) + r J n (t, x), 

3=1 



lim 

J— >+oo 



lim SUp ll r nll L 8('( 6» n )xR 3 ) 

+ sup (||Vr^(t)|| L 2 + \\d t r^(t)\\ L 2 



te(o,e n ) 



An analoguous statement holds if 6 n < 0. 



Remark 2.2. Assume that for all j, at least one of the following occurs: 



(a) \Mf Al + \\U{f L2 <^\\W\ 



(b) lim 

n— >+oo A 

(c) lim sup 



+oo, 



7 n v J,n 



u 



Then (|2TT5]I holds. 



< T + (CP) 



2.2. Energy trapping. The following Claim is shown in [8] by variational arguments: 
Claim 2.3. Let f e i^QR 3 ). Then 



(2.17) HV/I& < ||W||| 2 and E(f,0) < E(W,0) ||V/||£ 2 < 
Furthermore, if || V/||?a < \/3||VW||? 2 , t/iera £(/,0) > 0. 



IVWI 



L-' 



0) 



£(/,0) =3£(/,0). 
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2.3. Linear behavior. In this subsection we give two localization properties for solutions to the 
linear equation (|2.ip . Lemma [2.4l can be deduced from the strong Huygens principle, Proposition 
12.51 can be shown using explicit formulas for the solutions of (|2.ip . We refer to [8], Lemma 4.1 
and 4.2, and [7], Proposition 2.8 for the proofs. 

Lemma 2.4. Let v be a solution of the linear wave equation (|2.ip . with initial data (vq,vi), 
i^n} n , {tn} n be two real sequences, with \ n positive. Let 

1 ( t x 
v n [t,x) = —j^v — , — 

and assume lim.n_i.oo = I € [-co, +oo]. Then, if I = ±oo, 

lim limsup / |V"u n (t„)| 2 + — 7^\v n (t n )\ 2 + (d t v n (t n )) 2 dx = 

R^oo n ^oo J\\x\ — \t„\\>RX„. F 



and if I € 



km limsup /r, r , >RA i \Vv n (t n )\ + -r-^\v n (t n )\ + (d t v n (t n )) dx = 0. 

R^oo n _i>oo J \\ x \^ nA "} \x\ z 
U{|„|<iA„} 



Proposition 2.5. Let v be a radial solution of (|2.1|) . to _ R, < ro < r\. Then the following 
property holds for all t >to or for all t <to 

(2.18) f (d r (rv(t,x))) 2 +r 2 (d t v(t,x)) 2 dr 

Jro+\t-to\<r<n+\t-to\ 



1 

> - 

~ 2 



(d r (rv(t ,x))Y + r 2 (d t v(t ,x)) 2 dr. 
ro<r<ri 



Furthermore, the following property holds for all t > to or for all t < to-' 

(2.19) / (\Vv(t,x)\ 2 + (d t v(t,x)) 2 )dx> \ [ (\Vv(t ,x)\ 2 + (d t v(t ,x)) 2 )dx 

J\x\>\t-t \ V J 1 J V J 

3. Self similar region 

In this section we show that no energy of the singular part of the solution can concentrate in 
the self-similar region (|x| ~ 7+ — t in the finite blow-up case and |x| ~ t in the global case). 
We treat the finite time blow-up case in Subsection 13.11 and the global case in Subsection 13.21 



3.1. Finite time blow-up case. Let u be a radial solution of (jl.ip that satisfies (jl.3p . Assume 
to fix ideas that T + {u) = 1. By Section 3], there exists {vq, v\) G H 1 x L 2 such that 

(u(t),d t u{t)) — f (v ,vi) 

weakly in H 1 x L 2 . Furthermore, if v is the solution of (jl.ip with initial data {vq,v\) at time 
t = 1, then a = u — v is well-defined on 1) (where > max(T_(„),T_(_))) and supported 
in the cone 

{(t, x) e R X R 3 s.t. t_ < t < 1 and \x\ < 1 - t} . 

We call v the regular part of u at the blow-up point and a its singular part. In this section, we 
show the following: 
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Proposition 3.1. Let u be as above. Then 

Vco 6 (0,1), lim/ (\Va{t,x)\ 2 + {d t a{t,x)) 2 ) dx = 0. 

t " > ' 1 J co{l-t)<\x\<l-t V ' 

In the remainder of this Subsection we prove Proposition 13.11 We start by renormalizing 
the solution ( §3.1.1h . then introduce a profile decomposition ( §3.1,2j) . The core of the proof is 
divided into three cases f 33X31 33X31 j ETOjl . 

3.1.1. Renormalization. Assume without loss of generality that t_ = 0. 

We will get a contradiction assuming that there exists a sequence {t n } n in (0, 1) and Co > 
such that 



(3.1) 

(3.2) / 

J cn(l 

Let T G (0,1). Let 
(3.3) 



Vra, t n < 1 and lim t n = 1 

n— >oo 
|2 , /o „/j \\2 



co(l— *n)<|a;|<l— *n 



|Va(t n ,x)r + (Qta(i n ,x))' 



T-t, 



> Cq. 



1-ir 



and note that for large n, [0, 1) C I n . 
Define, for r G I n , 

n n (r, y) = (1 - in) 1/2 « ((1 - t n )r + i n , (1 - t n )y) 
v n (r, y) = (l- t n ) 1/2 v ((1 - t n )r + t n , (1 - t n )y) . 

Note that 

(3.4) supp(u„(r) - v n (r),dtUn{T) - d t v n (r)) C Bi_ r . 

3.1.2. Profile decomposition, properties of the profiles. Consider, after extraction of a subse- 
quence, a profile decomposition yJl Tj >n ; Xj >n j for the sequence |(u n (0) — v n (0),d T u n (0) — 

d T Vn(0))\ : 

J n 

(3.5) 



«n(0, 2/) = V n (0, y)+Y, U 0,L,n(y) + <n(Z/) 



(3.6) 
where 



d T u n (0, y) = a rWn (0, y) + £ E/( L ,„(y) + < n (y) 

j"=i 



— Etf 

3,ri 



and (foLni^iLn) ^ s * ne initial data for t/f^. 
As usual, we will assume that for all j, 



(Vn, Tj >n = 0) or lim 



\j,n 



±oo. 



Let us show: 
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Claim 3.2. Fix j > 1. Then (after extraction of subsequences in n), 

(3.7) lim Tj , n € [-1, 1], 

n— >oo 

and i/ie sequence {\j, n }n is bounded. 
Proof. Claim [3721 follows from 

(3.8) supp (ju n - v n )(0),d T (u n - v n )(oj\ C Bi, 

and arguments as in [3] (see [HI Lemma 2.5]). 

Note that by [8j Lemma 2.5], the sequences {l r j,n|} n and {A Jin } are bounded for all n. It 
remains to show (13.7|) . 

Fix j > 1. If Tj n = for all n, then (13.7|) holds. Assume 



lim 

n— >oo A 



±oo. 



By Lemma [27 



lim 

_R-s-+oo 



lim sup 

n-j-oo ^||y|-|T ijn ||>iiA^,„ 



dy 



0. 



Let {/ij jn }n be a sequence of positive numbers such that 
(3.9) 
so that 



lim — T -^ L = ±oo, lim 

n->oo Hj n n— >oa Aj^ n 



-oo, 



lim 

71— >QO 



(3.10) 

IS/|-|T"j,n||>Mj,- 

Then, in view of fj3.5j) . (|3.6p . 



(3.11) 



v^, L , n (y) 2 +fe L ,n(y)) 2 ^ = o. 



Il/|-ki,n| <A*j,r> 



|V T)3/ (itn - t; n )(0,y)| 2 dy 



> 



dy 



VT, v Ui, n (0,y) • ^V riJ/ C/ L fc n (0,y) + V T ,X(0,y) . 



By (]3.10p and the pseudo-orthogonality of the parameters, if k 7^ j, 

v U* n (p,y)dy 

VT,yUi n (0, y) • V r ,,[/ L fc n (0, y) dy + o n (l) — ► 0. 



bl-l'TV.nl <A*j,n 



Similarly, by (|275|) . 



lim 

n— >oo 



|j/|-|T"j,n| <Mj 



V T)V E#, n (0, y) • V TiJ/ <(0, y) dy = 0, 
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by (|3.10p and the definition of uP n - Hence, in view of (|3.10p and (13. lip . 

(3.12) liminf f \^r,y( u n ~ ^«)(0)| 2 dy > [ \V T , y W(0, y)\ 2 dy. 
n ^ + °° J\\y\-\Ti, n \\<^n J 

By (|3.8p . we get limsup n \Tj i7l \ < 1 which shows that we can always assume (|3.7p . 

□ 

In the sequel, we will use that in the expansion (|3.5p . (I3.6p . (v n (0), d T v n (0)) might be seen as 
a profile 

( —u° ( ~ T °' n -JL) J—d T u° ( ~ T °' n JL 

up to a term going to in the energy space. Namely: 

(^O.d U 1,l) = (vo,Vi), A ,n = : — , T ,„ = 0. 

It follows from Claim [3721 that the sequence { (ro, n , Ao, n )} n is pseudo-orthogonal to the other 

sequences {(rj, n Aj,n)} n - 

In view of Claim 13.21 we can always assume (after extraction) that for all j 

(3.13) lim —Ti n = G [ — l,+ll, lim A, n = A,- 6 [0,oo). 

By the pseudo-orthogonality of the parameters and (|3.8p (see again [HJ Lemma 2.5]), there is at 
most one index j > 1 such that Xj > 0. Furthermore, for this profile, we can assume T^ n = 
for all n. Reordering the profiles, we will always assume that this index is 1, setting U 1 = if 
there is no index j with the preceding property. Rescaling (and extracting again), we can also 
assume: 

Vn, Ai,„ = 1. 

Claim 3.3. The profile (C/ 1 (0), 9 T f7 1 (0)) is supported in B±. Moreover, for all J > 1, 



n— too 



lim / |V< n (y) | 2 + KJy)) dy = 0. 
\|>1 



Proof. This follows from (|3.8p and simple orthogonality arguments. □ 

The main novelty of the proof with respect to the "small" type II blow-up case treated in [8], 
[7] is that instead of using the smallness of U 1 , we extract from U 1 away from the origin a very 
small piece which has non-negligible energy, inspired by the following Lemma: (in this Lemma, 
Du ClfX stands for "domain of influence of it" , see for example [TJ) 

Lemma 3.4. Let (Uq,Ui) G H 1 xL 2 be radial such that (Uq,U\) / (0,0) and supp(C/o, U±) C B\. 
Then there exists < Tq < 1, rjo > 0, £0 > suc/i i/ioi /or aZZ i G M: 

{t} x - e + r ,\t\+r ] C 

and for either all t > or a// 1 < 0, we have 

{{d r Uf + (d t Uf) r 2 dr > r] . 

\t\—eo+ro<r<\t\+ro 
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With this Lemma and the support property of U 1 , one can reach a contradiction using "chan- 
nels of energy" as in [8]. We have not carried out the proof this way because of technical 
complications arising from the introduction of Du, but the spirit of the proof below is the same. 
The Lemma can be proved using the arguments of Step 1 of the proof of (|3.19|) below. 

Let us mention that Lemma [3.4l gives an elementary proof of the fact that there is no compact 
self-similar blow-up for a radial solution of (jl.ip in dimension 3. See [131 Section 6] for the proof 
in dimensions 3, 4, 5 without the radiality assumption. 

Let 

(3.14) r = inf [p G [0, 1], supp (itf, U{) C B p }. 

We distinguish three cases: 

• Case 1: j"o > and for all j > 2, < ro. 

• Case 2: there exists j > 2 such that \rj\ > r$. 

• Case 3: ro = and Tj = for all j > 2. 

3.1.3. Proof of Case 1. Denote by r = \y\ the radial variable. By definition of ro, supp(L r 1 , Ul) C 
B ro and 



Ve > 0, f iVf/o 1 ! 2 + (U\) 2 dy > 0. 



'r -e<|y|<r 

Consider a small Eq such that e$ < and 
(3.15) m = [ IVC/q 1 ! 2 + {U\) 2 dy. 

J ro~eo<\y\<ro 

is small. Let Uq, U\ be the radial functions on M 3 defined by 

U (r) = U^(r) if r - e < r, U (r) = U£(r - e ) if < r < r - e 
Ui(r) = U\(r) if r - e < r, U\(r) = if < r < r - e - 



(3.16) 



Let U be the solution of (|1.1|) with initial data (Uo, U\) 
Note that 



(3.17) 7/0=/ \VU \ 2 + (U^ 2 dy = f \VU G \ 2 + {U l fdy. 

Jr -eo<\y\<ro J 



As r]o is small, U is globally defined. 

Let tp G C°°(]R 3 ), radial, be such that (p{y) = 1 if \y\ > ro — £o and ip(y) = is \y\ < ro — 2eo- 
Fix J > 1 and define (see (|2.1ip . f|2. 12|) for the notations U^ L n and U( Ln ): 



(3.18) 



( J 

U 0) n = V n (0) + Uq + if ^ ^0,L,n + <P W in 
i=2 

J 

ui, n = d T v n (0) + Ui + tp ^ f7f L n + wf n . 

i=2 



Note that this definition is independent of J. 
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Let u n be the solution of with data (uo !Tl , «i, n ) at r = 0. The data (uo in (y),ux >n (y)) and 
(uo,n(y),ui >n (y)) are equal if \y\ > tq — Eo. By finite speed of propagation, if r is in the domain 
of definition of u„ and u n , 



\y\ >r -e + \t\ 



(u n (T,y),d T u n (T,y)) = {u n (T,y),d T u n {T,y)). 



Let 1+ = J n n [1/2 - r /100, +oo), I~ = I n D (-oo, -1/2 + r /100]. We will show that there 
exists r/i > such that the following holds for large n, for all sequences {<r n } n with a n G /+, or 
for all sequences {<J n } n with a n £ I~: 



(3.19) 



/ 



|V T)2/ («„ - v n )(a n , y)\ 2 dy>rji. 

1 ro -eo + 1 o-„ | < \y\ <r + 1 a n | 

This will contradict the following lemma: 

Lemma 3.5. Let u satisfy the assumptions of Proposition \3.1\ Let a£ = \ an d °~n ~ 
Then for large n, cr„ G L^ and 



l-tr. 



(3.20) 



lim 

n— >oo 



y\>Wn I 



|VK-0(a±)| 2 +(d r ( 



Proof. Let cr+ = i. If (|3.20|) does not hold for <r+ then (after extractions of subsequences) there 
exists r]2 > such that for large n: 



(3.21) 



\v\>Wl 



|V(-u n - u n )((T+ )| 2 + \d t {u n - v n )(a+ )| 2 > r/ 2 - 



Going back to the original variables (t,x), we rewrite (|3.2ip as 



x\>- 



Va [ — h — , x 



+ 



( 2 + y> x 



which contradicts the fact that a(l/2 + i n /2) is supported in the set {|x| < (1 — i n )/2}. 

Let a~ = yrf 22 " £ ■ If (I3.20P does not hold for , we obtain a r/2 > such that (at least 
for some subsequences in n), 

\Va(T,x)\ 2 + \d T a(T,x)\ 2 dx > r/ 2 . 

\x\>t„-T 

Recalling that a(T, •) is supported in \x\ < 1—T and that t n tends to 1, this is also a contradiction. 

□ 

We next prove that (I3.19P holds for large n, for all sequences {cr n } n with a n G /+ or for all 
sequences {a n } n with o~ n G L~ . We divide the proof into a few steps. 

Step 1. Note that by chosing eo > small, we can always insure that 

TO 



(3.22) 



(d r (rU )y + (rUtf dr 



> 



ro-eo 



Indeed by integration by parts, 

to „ 



(d r (rU )) dr = -(r - e ) [Uo(r - e ) 



(d r U ) 2 r 2 dr. 
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By Cauchy-Schwarz inequality, 
U (r - e ) 2 = 



r _ \ 2 

d r Uo dr ) < 



(d r U ) 2 r 2 dr 



ro-eo 



and (I3.22p follows from the definition of rjo, if ro ^ g < 5- 

We denote by U L the solution of the linear equation (|2.ip with data (C/o, C/i). By Proposition 
12.51 the following holds for all r > or for all r < 0: 



ro— so+|t| 



{d r (rU L (r, r))Y + {d T (rU L (T, r)))' dr 



> 



By integration by parts (using that U L is supported in {r < ro + |t|}), for £q small, 



ro-e + \r\ 

so that 



(a r (rC/ L (r, r))) 2 dr = -(r -e + \t\)U?(t, r -e + |r|) + 



(3 r C/ L (r, r)) 2 r 2 dr, 



ro-eo+M 



ro+\ T \ 



'ro-eo+M 

for all r < or for all r > 0. As 770 
implies that for all r, 



(d r U L (r,r)) 2 + {d T U L (T,r)) 2 



r dr > — 



mxL 2 



is small, the local well-posedness theory 



(3.23) 



U(T)-U L (T),d T U(T)-d T U L (r) 



< 



m 



mxL 2 ~ 100 



We deduce that for all r > or for all r < 0, 

rro+\r\ 



(3.24) 



(d r U(r,r)) 2 + (d T U(r,r)) 2 



2 J ^ 

r dr > — . 
~ 5 



'ro-eo+M 

Let us assume that (|3.24p holds for all r > 0, the case r < being similar. 
Step 2. By Lemma 12.41 f° r each fixed J > 2, 



3=2 



j=2 



where 



^tep 5. In this step we show that for each fixed j > 2, we have: 



(3.25) 

and that 
(3.26) 



lim 

n— >oc 



&(t) Mftl)^ lW ,p(ftl)^, L ,„ 



lim lim sup 



S h (t) (<pw 0:n ,(pw hn ) 



L 8 ((0,r /4)xl 



Indeed, (|3.26j) follows from [8j Claim 2.11]. To show (|3.25p . we distinguish 3 cases. 
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If |tj| < ro/4, then </>(|tj|) = and f|3.25|) is obvious. In the other cases, we will use the 
formula 



(3.27) 



If Tj > ro/4, then 



L 8 ((0,r /4)xR 3 ) 



lim 

71-S>00 \j n 



r 0/ 4 - T j,n 




f X J.n f 


Ui(t,x) 


>-Tj,n/\j,n J^ 3 





dx dt. 



+oo, 



and both ends of the time integral in (|3.27j) go to +oo, which implies (|3.25p . 
If Tj < -ro/4, then 

r /4 - Tj >n 



lim 

n— >-oo \ 



-oo, 



and (|3.25p follows again from (|3.27p . 
Step I By (pT25]) and (|3T26|) . we get that 

(J J 
3=2 ]=2 

Hence by (|3. 18[) and long time perturbation theory (see e.g. |13 j. Theorem 2.20]), 

J 



0. 



L 8 ((0,r /4)xR 3 ) 



«•/. 



ro 



y - V r , 



r 



y)=U 



i y 



ro 



3=2 



+ J2rt\T3\)ui,n{j,y)+™ J o, n (y) 



ro 



3=2 



where the sequences {(wQ n ,w( n )} (uniformly bounded in H 1 x L 2 ) satisfy 
(3.28) 



lim limsup||S' L (i)(w; 7 n ,w{ ) 

J->oo n ->oc 



lL 8 (RxI 



0. 



Let tp G C 00 ^ 3 ), radial, such that (p(y) = 1 if \y\ > ro, <p(y) = if \y\ < 9ro/10. Let u n be the 
solution of (jl.ip such that: 



n. 



ro 



y -v r , 



ro 



,y) = <p(y) 



u,. 



ro 



y -v r . 



ro 



d T u n ( ^r, y ) - <9 r t; n ( ^, y ) = cp(y) d T u n ( '-j, y ) - <9 T i> n ( ^, y 



Note that 



\y\> — -e 



it,, 



r 



,y) ,d T u n ( ^,y 



ro 



,y) ,d T u n —,y 



r 



Furthermore, by Lemma 12.41 using that \tj\ < ro for all j (see the proof of 13. 7p . 



ro 



ro 



Vn[ — ) , 9 r t) n — 



''0 



£f7 



''0 



^(7)) + E tfftDfa 

i=2,...,J 



,d T U; 



ro 



4 // 
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where for all J > 2, 



lim \\ e n Li x ,2 = 0. 



Indeed, if Tj < 0, f7 L| „ (^) concentrates (by Lemma l2~4T) on {|y| = |^ — |rj||}, which is outside 
the support of <p. If Tj > 0, if concentrates on {|y| = ^ + Tj}, and the statement follows from 
the fact that ip(Tj)ip + rj) = v?(tj). 

We will again use long time perturbation arguments, for r > ^. By the same proof as above, 



lim sup 

J— >oo 



I 



£ <p(Tj) (Ul n , d T Uln Ci)) + 



, j=2,...J 
\ ? J>0 



\ 



L 8 ([r /4,+oo)xII 



Note also that by the smallness of the solution of with initial data ^ ?7 (^) , ip d T U 

at r = ro/4 is globally defined and scatters, and coincides with U for any r, y such that r > ro/4 
\y\ >T + r -e . 

Hence, for r > r /4 and |y| > r + r — £cb 

(3.29) (u n ,d T u n ) (r,y) - (v n , «9 T v„) (r, y) = (u,d T U^ (r,y) 

+ X) ^J') ^^n) (t, y) + {win, d T wl n ) (r, y) + [e J n , d T e J n ) (r, y), 

j=2,..., J 
tj >0 

where u^n i s a linear solution that satisfies 
(3.30) 

and e£ satisfies: 



lim lim sup 1 1 w n 1 1 L& 



([r /4,+oo)xI 



(3.31) 



lim lim sup 

J-s-oo n _>oo 



'«llL 8 ([ro/4,+oo)xI 



+ sup ||(e^(r),a r e^(r))||^ lxL2 



r>ro/4 



Note also that if {cr n } n is a sequence such that u n G for all n, the following pseudo- 
orthogonality property holds (see Appendix |A|) : 



(3.32) lim 

n ' 
+ 



V T>y U L (a n , y) ■ V T>y Ui jn (a n , y) dy 



+ 



^r, y U L (a n ,y) ■ V T) yW n (a n ,y) dy 



^T,yUl tn (a n , y) ■ V Tt yU* Ja n , y) dy 



+ 



V r /L,„(ff«, y) • Vw^(a n , y) dy 



0. 



where S n = {y £ M 3 , <7 n + ro — £o < |y| < <t„ + ro} and 2 < k < j < J. 

In view of (|3.23p . (|3.24p and (|3.29p . we get that ()3.19j) holds for all sequences {cx n } n with 
cr n £ J+, concluding the proof of this case. 
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3.1.4. Sketch of proof for Case 2. Assume that there exists j > 2 such that \rj\ > rQ. Let fo = 
sup J>2 \fj\ > rQ. Choose £o < r %o° ■ Note that there exists jo > 2 such that fo — £o < Fj l — ^o- 
Assume (for example) that r J0 > 0. Let ip £ C°°(M 3 ), radial, such that (f(y) = 1 if \y\ > fo — £o 
and ip(y) = if |y| < f o — 2eo- Define: 



(3.33) 



U ,n = V n (0) + ifY^ ^0,L,n + ¥> W,n 



i=2 

J 

«l,n = <9 r V n (0) + <^X1 ^L," + V^i.n- 

i=2 



The proof now proceeds as before up to (J3.29P (but without (U,dtU)), replacing ro by fo. To 
conclude the proof, use energy conservation for the linear solution (f{\Tj Q \)Ul° n together with 
Lemma 12.41 and the pseudo-orthogonality of the profiles ()3.32p . 

3.1.5. Sketch of proof for Case 3. We now assume that rg = (i.e. U 1 = 0) and that rj- = for 
all j. Note that by assumption (|3,2p . 

(3.34) 



3e > s.t. VJ > 2, limsup / |Vu;o n | 2 + (w{ n ) 2 > rj . 

n-t-oo J\v\>ec\ 



|y|>eo 

Let (p £ C°° radial, such that ip(y) = 1 if \y\ > so, ip(y) = if \y\ < Eq/2. Define (uQ jn ,ui >n ) by 
(13~33|) . and u n as the solution of (1 1 . 1 h with initial data ( , wo,n)'m,n ). Then 



where 
(3.35) 

(3.36) 



UQ,n = V ,n + W , n ttl, n = V 1>n + Wi >n , 

lim o l|5 , L(T)(u;o ) n,wi,n)||i8( R 4) = 
limsup/ |Vu? ,n| 2 + (d T wi in ) 2 dy > rj . 

n— >+oo J\y\>e 



Indeed, fixing a large J we see that 

J J 



i=i 

where by Lemma 12.41 for all j, 



lim 

n— >oo 



3=1 



and by Claim 2.5], 



lim limsup ||5 , L (r)(( / 9w 7 in , 99wf n )|| L8 4 = 0, 



J— >+oo 



hence (^35]) and, in view of (^341) . (^361) . 
Note that (|3.35p implies 



(3.37) 



lim ||w ,n||z<x>( £0 /2,l) = 0. 
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Indeed, if (|3.37p does not hold, there exists (after extraction of subsequences) a sequence r n G 
(eo/2, 1) and e\ > such that 

Vn, \w ,n(r n )\ > £\. 
By (|3.35p and the paragraph following (j'2.5p . we know that 

rl/ 2 wo tn (tv) ^ weakly in iJ 1 . 

n— >oo 

In particular, using that / i— > f(l) is a continuous linear form on H^, we get that wo jn (r n ) — > 
as n — > oo, a contradiction. 



By integration by parts and (J3J37J), we get that for large n, 

(d r (rw n )) 2 + (d T (rw n )) 2 dr>^. 

We now argue as before, using Proposition 12.51 directly for all r > or for all r < 0, globally in 
time. This concludes the proof of Proposition 13.11 

3.2. Global solutions. In this subsection we show the following analogue of Proposition 13.11 
for globally defined solutions: 

Proposition 3.6. Let u be a radial solution of (|l.ip satisfying (jl.3p and such that T + (u) = +oo. 
Let s n +oo. Assume that S L (— s n )(u(s n ), dtu(s n )) has a weak limit (vq,vi) in H 1 x L? as 
n — y oo. Let (v L (t),dtv L (t)) = S L (t)(vo,vi). Then 



Vco>0,Jhn / (|V(u - v L )(s n ,x)\ 2 + (d t (u - v L )(s n ,x)) 2 ) dx = 

\x\>CQS„ 



The proof is close to the one of Proposition 13. 1| we will only highlight the aspects that are 
specific to the globally defined case. We argue by contradiction: if the conclusion of Proposition 
3.61 does not hold, there exists a subsequence of {s n } n (still denoted by {s n } n ) and a Co > such 
that 



(3.38) Vn, / (\V(u-v L )(s n ,x)\ 2 + \d t (u-v L )(s n ,x)\ 2 ) dx > c . 

J \x\>CQS„ 

3.2.1. Preliminaries. Let v Nh be the unique solution of (jl.ip such that T + (v Nh ) = +oo and 
t \\mJ\(v h (t),d t v L (t)) - (v nh (t),d t v nh (t))\\ AlxL2 = 0. 

Without loss of generality, we can assume that % L (i) is defined on [0, +oo). Let, for r G 
[-l,+oo), y el 3 , 

u n {T,y) = sl/ 2 u(s n (l + T),s n y), v n (r,y) = sl/ 2 v NL (s n (l + r),s n y). 



Consider (after extraction of a subsequence in n) a profile decomposition of the form (I3.5p . (13.6 
for the sequence (u n (0), d T u n (0)) — (v n (0) , d T v n (0)) . 

Claim 3.7. Fix j > 1. Then (after extraction of subsequences in n), 
(3.39) lim -Tj >n = Tj€ [-1,1], 

and 

lim Aj, n = Xj G [0, +oo). 
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Furthermore, 
(3.40) 



lim s n X jt n + 



^71 A l'n 



+ \Tj >n + l\.S n = +OO. 



Proof. Note that by finite speed of propagation 



lim 



lim sup 

n->oo 7|x|>|s„|+_R. 



\^t,x(u- v h )(s n ,x)\ dx 



0, 



and thus 
(3.41) 



lim 

R->+oa 



lim sup 



0. 



n^oo J\ y \>l+g 

The proof of ()3.39p and of the fact that the sequence {A Jin } n is bounded is then the same as the 



proof of Claim [3J2J using (IBTlTj) instead of (USD- 

It remains to show ()3.40p . This follows from the fact that: 

w- lim S h (-s n )(u(s n ) - v Nh (s n ),d t u(s n ) - d t v Nh (s n )) =0 

in H 1 x L 2 . Indeed, by the profile decomposition (|3 .51) . (13, 6p and the definitions of u n and v n , 
we get 

S L (-s n ){u(s n ) - v NL (s n ),d t u(s n ) -d t v NL (s n )) 



2^ 1/2. 1/2 U L I 
7=1 S « A i,n V 



1/2 



and the analoguous expansion for the time derivatives, which yields (|3.40p . 
Note also that (|3.4ip implies: 

\Vwi(y)\ 2 + \w{(y)\ 2 dy = 0. 



1,— 

Sr). 



□ 



(3.42) 



lim 

n— yoo 



|y|>i 



As in the proof of Proposition I3.1| by the pseudo-orthogonality of the parameters and (|3.4ip 
there is at most one index j > 1 such that Xj > 0. Reordering the profiles, we will always assume 
that this index is 1, setting U 1 = if there is no index j with the preceding property. We will 
also assume that for all n, ri jn = and Ai jn = 1. It follows from (|3.41j) that (f7 1 (0), 9 T f7 1 (0)) is 
supported in B±. 

If U 1 7^ 0, define r by (|3.14|) . Let e be such that 770 (defined by (|3.15|) ) is small, and let 
(U ,Ui) be as in (jSTTS^ . 
We next prove: 

Lemma 3.8. For all 4gR, the following limit exists: 



lim 

t— >+oo 



|V(u - v NL )(t,x)\ 2 + (d t (u - v Nh )(t,x)) 2 dx = 1(A). 



'\x\>t+A 

Furthermore, there is an 1^ > such that 

(3.43) lim 1(A) = 1^, lim 1(A) = 0, 

A— >— 00 A— >+oo 
and the function 1 is nonincreasing and uniformly continuous on I 
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Proof. We first argue as in the beginning of §3.1.31 Set r$ = 1/2, eo = 1/100 if U 1 = 0. Let 
if £ C°°(]R 3 ) be a radial function such that ip(x) = 1 if |x| > tq — eq, (f(x) = if |cc| < ro — 2eq. 
Define (uo,n, u\ jV ) by (|3. 18j) . Let u n as the solution of (jl.ip with initial data (uo,n, ui >n ). Arguing 
as in §3.1.31 we get that 

(3.44) 1 2/| >r -e + M =>• (u n (T,y),d T u n {T,y)) = {u n (r,y),d T u n (T,y)) 

and 

J 



(U (^,y) ,d T U (^,y)) +J2<P(m (Uln (^,y)) + (fiS„,fi?U , 



J'=2 



where (wQ n ,wf n ) satisfies <jST2Sjt . Let ^ G C°°(R 3 ), radial such that lp(y) = 1 if | y| > ro and 
&(y) = if \y\ < jqTq. Let u n be the solution of (jl.ip such that 



«n ( y) - v n (Jj,y ) = <p(y) 



Un[^,yj -v n ^,y 



We have 

(3.45) \y\ > jr - e =>• f«n (^7,2/) (^r\y)) = («n (^r,y) ,d T u n ( r -r,y 



4 u u V V 4 / V 4 

By the arguments of Steps 3 and 4 of §3.1.31 one shows that for large no, u m scatters forward 
in time. Fixing such a large no, using (J3.45P and finite speed of propagation, we deduce that 
u n (r,y) coincides with a scattering solution for \y\ > r + ro — 6q, t > ro- Going back to the 
original variables (t,x) with r = (1 + s n )t, y = s n x, we get that there exists a solution u L ,n of 
the linear wave equation (|2.ip such that 

(3.46) lira / \V(u-u L , no )(t,x)\ 2 + \d t (u-u L , no )(t,x)\ 2 dx = 0. 



t— >oo 



\x\>t+s nQ (ro-£o— 1) 



Let A < B and chose no large so that s no ( r o — Eq — 1) < A. It is classical that the limit 



lim / \V(u hjno -v h )(t,x)\ +\d t (ur no - v h )(t,x)\ dx 

J\ x \>t+A 

exists. This shows by ()3.46p and the definition of v NL that 

(3.47) 1(A) = lim / |V(n- v NL )(t,x)\ 2 + \d t (u - v VL )(t,x)\ 2 dx 

t ^+°° J \x\>t+A 

= lim / |V(-u Ljno - v h (t,x)\ 2 + (d t (u h) n - v h )(t,x)) 2 dx 

t ^+ 00 J\x\>t+A 

exists. The fact that 1(A) is nonincreasing is obvious. By the assumption (|1 .3[) . 1 is bounded, 
which shows that 1(A) has a limit as A — > — oo. By finite speed of propagation 1(A) — > as 
A — > +oo. This shows (|3.43[) . Finally, in view of ()3.43p . to show that 1 is uniformly continuous, 
it is sufficient to check that it is continuous. This last fact follows from the formula: 

1(B) -1(A) = lim [ \V(u Ltno -v L )(t,x)\ 2 + (d t (u L>no -v h )(t,x)) 2 dx 

t^+co J A< \ X \ <B 
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and classical properties of the linear wave equation. □ 

As in the proof of Proposition lBTTl we distinguish three cases: ro > and for all j > 2, \rj\ < ro 
(Case 1); there exists j > 2 such that \rj\ > ro (Case 2); ro = and Tj = for all j > 2 (Case 
3). 

3.2.2. Sketch of proof for Case 1. In this case, we define u n and u n as in §3.1.3l and in the proof 
of Lemma 13.81 Arguing exactly as in §3.1.31 one can show that there exists rji > such that the 
following holds for all sequences {o- n } n in [— 1, — or for all sequences {a n } n in [^,+oo). 

(3.48) limsup/ |V T;J/ (ii n - v n )(a n , y)\ 2 dy > r)i. 

n->oo yro-eo+kn|<|j/|<»-o+|<T»| 

If (|3.48p holds for all sequences in [— 1, — 11 , one easily reaches a contradiction using (|3.48[) with 
o~ n = — 1 for all n. 

Assume that (|3.48|> holds for all sequences {o~ n }n in [5,+ooV Going back to the original 
variables (t,x), we get that the following holds for all sequences {6 n } n such that 6 n > |s n : 

(3.49) limsup/ \^t,x(u - v VL ){9 n ,x)\ 2 > rn. 

n^oo J e n +s n (r -e -l)<\x\<e n +s n (r -l) 

Noting that s n (ro — 1) — > —00, we get by (|3.43[) that for n large enough 



t—too 



hm / \V t , x (u-Vv L )(t,x)\ dx = l(s n (r -e -l))-l(s n (r -l)) < —. 

t+s n (r -eo-l)<\x\<t+s n (r -l) 4 



Thus if 9 n > |s n is large enough, 



Jo 



|Vt )X (« - v NL )(6 n ,x)\ 2 dx < y 

n+s n (ro-Eo-l)<\x\<8 n +s n (ro-l) 



Finally we have obtained that for all large n, there exists n > |s n such that 

limsup / \V t>x (u ~ v Nh )(9 n ,x)\ 2 < ^, 

n^oo Jo n+Sn ( ro - £o -l)<\ x \<O n+Sn (r -l) 1 

contradicting (|3.49p . This concludes the proof of Case 1. 

3.2.3. Sketch of proof for Case 2. Assume that there exists j > 2 such that \fj\ > ro. As in 
I3.1.4| we let fo = sup J>2 \fj\ > ro, and chose £0 < r '|qq° . Thus there exists jo > 2 such that 
fo — So < \Tj \ < fo- Assume that Tj > 0: the proof in the case t Jo < is very close to the proof 
of Case 2 in the finite time blow-up setting and we omit it. 

As in §3. 1.41 above, we let 93 G C°°(1R 3 ) be a radial function such that (p(y) = 1 if \y\ > fo — £0 
and <p(y) = if \y\ < fo — 2eo. By the same argument as in §3.1.31 and §3.1.41 we construct a 
solution u n of (jl.ip such that 

(3.50) ( T - T - T + ^0 - eo) u n (r, y) = n n (r, y). 



22 

and, for r > 



T. DUYCKAERTS, C. KENIG, AND F. MERLE 



(3.51) (u n (r, y),d T u n (T, yj\ - (v n (r, y),d T v n (r, y)) 



^2 [Ul,n(r, y), d T Ul n (T, y)j + w^Jt, y) + e J n {r, y), 



3=2,-, J 



where w J n and e J n satisfies respectively (|3.30p and (|3.3ip . The rest of the proof is quite different 
from the type II blow-up setting and we will give more details. We will show: 



(3.52) lim limsup / V / ^VE/j^-l, y) + Vutf(-1, y) 



\ 



. o=2.. .J 
\ Tj>0 



JM. 3 . o 7 J 



\ 



j=2...J 



VUl%{-l,y)dy 



d t Ui%{-l,y)dy = Q, 



J 



an obvious contradiction (the limit is also equal to J R3 |VL^'°(0)| 2 + (d t Ul° (0)) 2 ). Let 5 > 0. Fix 
a large J, then a large uq. Let 



u(t, x) 



'mi 



1/2 " n ° , 



Note that u depends on no- We can rewrite (I3.5ip (with n = hq) as 



(3.53) ( u, d t u ) (t, x) - (v NL , d t v NL ) (t, x) 



=2,..., J \ s ™( 



no s n 



drUU) (—-1,— 



'no °no 



+ {wi no ,d T wi no ) (J- - 1, ) + A<>) ( J- - 1 * 

\ 6 no 4 no / \ ft no *no 



By ([330]), 



(3.54) 



s «o ( -J + 1 ) and \x\>t + (f - e - l)s„ 



u(t, x) = u(t, x) 
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After extraction of a subsequence in p, we can assume that S L (— s p ) yu(s p ),dtu(s p ) J has a weak 
limit (vq,vi) in H l x L 2 as p — > oo. Thus the following limit exists: 



£(n ) = lhn^ ( S L (-s p ) ( (u - u)(s p ), (d t u - d t u)(s p ) ) , 



—u jo 1 f) n jo 

1/2 L ' n 0' 3/2 T L ' n 



'n 



= yv ,v{) - (v ,vi), I 
In view of f|3.53j) . if J and no are large, 



•'no 

— U jo — !— <9 U jo 

l/2 u L,n(v 3/2 u T u h,no 



'/!() 



'))() 



1, 



'n 



u ,«i) - (wo, ui) - X] ( -Tj2 U ln , -^d t Ui no 

j=l... J \ s n s n , 



■no 



1 r 1 „ t 



-w 



s, 



1/2 "0' 3/2 1 n o 



1,— 



'no 



< e. 



mxL 2 



Hence, if J and no are large, 



(3.55) 



<p{?,) (ui no ,d t ui no ) (-1,0 - (-!,-), 



, j=i...j 



(^noA^°no)(-1.0) -*("<>) 



On the other hand, 



p— too 



£(n ) = Urn ( ((u - u)(s p ), (d t u - d t u)(s p )) , ( —U^ no ,^d T U£° 

Sn 



1/2 
'n 



'»<) 



'n 



H 1 xL 2 



•\?0,n s no 



^io,no s n 



da;. 



Using (13.541) . we can write this last scalar product as 
(3.56) 

Vt )!e (u-u)(Sp, X)-TT TT^ 

|a:|<Sp+(?0-eo-l)sn V A io,no s n J 

If no is large, then by the definition of tj and the fact that limyj—^oo — Tj 0jn — Tj > ro — £o> we 
get that 

-s no (l + Tj 0)no ) > (f - e - l)s no - 
Furthermore, we can chose Aj 0jno arbitrary small (taking a larger hq if necessary). By Lemma 
2.41 (and using that (u(t) , dtu(t)) can be bounded independently of no and t > in H 1 x L 2 ), 
we conclude from (|3.56p that for large no, 

\£(n )\ <e. 

Combining with ()3.55j) we get the desired estimate (|3.52p . The proof of case 2 is complete. 
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3.2.4. Sketch of proof for Case 3. It remains to treat the case where ro = (i.e. U 1 = 0) and 
Tj = for all j > 2. By (|3.38[) . there exists cq > such that for all J > 2, 



limsup / IVu^J + (w{ n ) dy>c . 

n-^oo Jco<\y\<l 



c <\y\<i-£ 



|V< n | 2 + K J n ) 2 >e - 



(3.57) 

Step 1. We fix a large J > 2 and show: 

(3.58) 3e > 0, MB > 0, limsui 
If not, 

(3.59) Me > 0, 35(e) > 0, limsup / (Vu^) 2 + {w{ n ) 2 < e. 

u_|»|_ Sn 

We first prove that there exists a constant C\ > 0, independent of e, such that: 



(3.60) 

and 
(3.61) 

Indeed, 
(3.62) 



lim sup 

n— >+oo 



lim sup 



/ (V« R (0) • + <W0H J in ) 

•/|«I>1-^ 



dy 



!/|>l- 



Bfe) 



(Vv n (0) • wj n + a r u n (0)w; 1 J in ) dy 



|l/|<C0 



CQ<|j/|<l-S(6)/ Sr , 



The first term in (|3,62|) goes to by the property (|2.5|) of . The second term goes to zero using 

that f n (0, y) = Sn v L (s n ,s n y) + o n (l) and Lemma [2~4l Finally, by (|3.59p and Cauchy-Schwarz 
inequality, the third term is bounded as n — > oo by 



yfl limsup y y |V Vo ,n| 2 + («i,n) 2 = J |Vt> L (0)| 2 + (<9^ L (0)) 2 , 
which shows ([3. 601) . 

To show (|3.6ip , note that for no large, the solution u Ljno to the linear wave equation introduced 
in the proof of Lemma 13.81 satisfies 

lim / \V t , M -V t ^ M ?^ = 0. 

n ^°°J\x\> Sn -B(e) 

The proof of (I3.6ip works the same as the proof of (]3.60p , provided the conserved linear energy 
of 

u ~L,no satisfies 

\ J |Vn L , no (t,x)| 2 + i J \d t u L , no (t,x)\ 2 < C 2 , 

where the constant C 2 > is independent of no- This follows easily from the definition of ii L ,n 
in the proof of Lemma 13.81 which concludes the proof of (j3.61|) . 
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We next notice that the assumption that Tj = for all j > 2 implies that for all J > 2, 
Vu n (0) ■ Vwi n + d T u n {0) w( n 

\y\>l-B{e)/ 8n 

= [ Vv n (0) • Vw J Q , n + d T v n (0) + / |V<J 2 + (wlJ 2 + o n (l). 

J\v\>l-B(e)/s n J\v\>l-B(e)/s n 

Combining with (I3.60P and (I3.6ip we see that there exists a constant C > such that for all 
e > 0, 

limsup / IVwqJ 2 + (w{ n ) 2 < Cy/e. 

n-^oo J\y\>l-B(e)/s n 

Together with (|3.59]) . we get that 

lim I |Vu; J n | 2 + (w{ >n f = 0, 

a contradiction with (|3,57p . 

Step 2. By Step 1, there exist (after extraction) eq > and a sequence B n — > +oo such that 
B n /s n — > and 

liminf / \Vwi \ 2 + (w( f dy > e . 

n ^°° Jc <\ y\<l-B n /s n 

Chosing J large and arguing as in §3.1.51 we deduce that the following inequality holds for large 
n and for all r > or for all r < 0: 

rl— B n /s n +\r\ . . 

(3.63) / (d r (ru n - rv n )) 2 (r,r) + (d T (ru n - rv n )) 2 (r,r) dr > e /8. 

Jc +\t\ 1 J 

If it holds for all r < 0, we get an easy contradiction taking r = — 1 and letting n goes to infinity. 

Assume that (|3.63p holds for all r > 0. Following the proof of Lemma 13.81 we see (after 
extraction of subsequences) that there exists a continuous non-increasing positive function 1(A) 
such that 

f+°° _ 
lim / (d r (ru — rv L )) 2 + (dt(ru — rv h )) 2 dr = 1(A), 
t+A 



t— >+oc 

and 



lim 1(A) = 0, lim 1(A) > 0. 

A— >+oo A^-oo 



By (|3.63p . for large n, 

l((c - l)s n ) -1(-B n ) >e /8, 
which yields a contradiction letting n —> +oo. 

3.2.5. Existence of a linear component. We conclude this section by giving a corollary to Propo- 
sition I 



Corollary 3.9. Let u be a radial solution of flTTTJ defined on [0, +oo) such that 

sup\\X7u(t)\\ L 2 + \\d t u(t)\\ L 2 < +oo. 
t>o 

Then there exists (i>o,i>i) G # x -^ 2 swc/j £/ia£: 

S L (-t)(u(i),$u(t)) ^ (v ,v t ) 

t— >00 
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weakly in H 1 x 1? . Furthermore, for all cq > 

lim f \Vu(t) - Vv L (t)\ 2 + (d t u(t) - d t v{t)f dx = 0, 

i_>0 °-/|s|>cot 

where v L is the solution of the linear equation (|2.ip with initial data (vo,v\). 

Proof. Let t n ,t' n be two sequences of time such that t n ,t' n — > +oo. Assume that there exists 
(v ,vi) G H 1 x L 2 , (uq,^) G H 1 x L 2 such that 

S L (-t n )(u(t n ),d t u(t n )) >■ (uoj^i), and S L (-t n )(u(t' n ), d t u(t' n )) >■ (v' ,v[). 

n— >oo n— >oo 

In view of Proposition 13.61 it is sufficient to check that (vo,vi) = (v^v^). 

We denote by v L (t) (respectively v' h (t)) the solution of the linear equation (|2. 1[) with initial 
data (vo,vi) (respectively (i^t^)). Fix e > 0. By Lemma |274"| there exists R > such that 

(3.64) limsup f [\Vv h (t,x)\ 2 + (d t v L (t,x)) 2 + \Vv' h (t,x)\ 2 + (d t v' L (t,x)) 2 ] dx < e. 

t-^+co J\x\<t-R 

Furthermore, by Proposition 13.61 

lim / \Vv L (t n ) - Vu(t n )\ 2 + (d t v L (t n ) - d t u{t n )) 2 dx = 0. 

n ^°°J\x\>t n -R 

Thus by finite speed of propagation 

(3.65) lim / \Vv h (t) - Vu(t)\ 2 + (d t v h (t) - d t u{t)) 2 dx = 0. 
*^+°° J\x\>t-R 

The same argument gives the analog of ()3.65|) with v L replaced by v' h . Hence: 
lim / \Vv L (t)-Vv' L (t)\ 2 + (d t v L (t)-d t v' L (t)) 2 dx = 0. 

J\ x \>t-R 

Combining with (|3.64|) . we get: 

limsup f \Vv h (t) - Vv' L (t)\ 2 + (d t v h (t) - d t v'^t)) 2 dx < e. 
As e > is arbitrary small, we get: 

lim / \Vv L (t) - Vv' L (t)\ 2 + (d t v L (t) - d t v' L (t)) 2 dx = 0. 

t^ + OO J R3 

By conservation of the linear energy, (vo,«i) = ( v 'cn v i)i concluding the proof. □ 

4. Expansion as a sum of rescaled stationary solution 
In this section we prove Theorems Q] and HI 
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4.1. Expansion up to a dispersive term. We first show that Proposition 13.11 (respectively 
Proposition 13. 6p implies: 



Corollary 4.1. Let u be a radial solution of such that T + (u) = 1. Assume that 

sup \\(u(t),dtu(t))\\jji xL 2 <oo. 

0<t<l 

Then there exist Jq > 1, i\, . . . , ij E {±1}, sequences t n — > I, Ai >n , . . . , Aj 0>n > with 
(4.1) Ai, n <C A 2 , n < . . . < A Jo , n <l-t n , 

and a sequence {wo,„} n , wo, n G suc/i i/iai 

Jo 



(4.2) 



lim 

n— >oo 



3=1 yy j,n 



Wo tn ,dtu(t n ) - Vi 



0, 



mxL 2 



where (vq, V\) is defined in the beginning of Section^ and, denoting by w n the solution of the 
linear equation (|2.1|) with initial data (wo n ,0) 

(4.3) 



lim |p re ||L8( 



0. 



Corollary 4.2. Let u be a radial solution of (jl.ip defined on [0, +oo) such that 

sup\\{u(t),d t u{t))\\ tilxL2 < oo. 

t>0 

Then there exist Jo > 0, t\, . . . , ij G {±1}, sequences s n — > +oo and Ai >n , . . . , Aj 0jn > with 
(4.4) Ai >n < A 2 ,n < • • • < A Jo , n <C s n , 

and a sequence {wo tn } n , wo tTl G i^T 1 such that 



(4.5) lim 



\ 3 =1 h n 



0. 



dtu(s n ) - d t v L (s n ) 

where v h is defined in Corollary \3.9\ and the solution w n of (|2.ip with initial data (wo tn ,0) 
satisfies (|4.3p . 



Corollary 14. 11 follows from Proposition 5.1 in [8] and Proposition 13.11 and we omit the proof. 
The proof of Corollary 14.21 is very similar. We sketch it for completeness. We divide the proof 
into a few lemmas. 

Lemma 4.3. Let u be as in Corollary \4-S\ Then 



lim — 

T^+oo T 



T 



(dtu — dtv L ) 2 (t,x)dxdt = 0. 

Proof. Let ip G C^°(1R 3 ), radial such that <p(x) = 1 if \x\ < § and <p(x) = if |x| > 2. Let 
(4.6) Z(t) = -[ (p(^) (ud t u-v h d t v L ) dx+ [ (p ( ^] (x ■ Vud t u - x ■ Vv^dtv^) dx. 

I J R 3 \ t J J M 3 V t J 

Using that u satisfies (jl.ip and v L satisfies (|2.ip . we get (cf e.g. Claim 2.11]) 



(4.7) 



Z'(t) 



{{d t uf - {d t v) 2 ) dx + R{t), 
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where 

\R(t)\ < C [ (|Vu| 2 + {d t uf + u e + \Vv L \ 2 + (d t v L ) 2 ) dx 
J\*\>\\A 

and thus by finite speed of propagation: 

(4.8) lim R(t) = 0. 

t— >+oo 

Furthermore, 

J {{d t uf - (d t v L ) 2 ) dx = j (d t u - d t v L ) 2 dx + 2 j (d t u - d t v h ) d t v L dx. 



By Lemma [2? 



By Corollary 13.9 



Combining, we get 



and hence 



lim / (d t v L (t)) 2 = 0. 
J\x\<±\t\ 

/ (d t u - d t v L ) 2 dx = 0. 
J\x\>i\t\ 



lim 

t-H-°°./| x |>£|t 



((d t u) 2 - (d t v) 2 ) dx - / (8 t u - d t v L )) 2 dx — > 0, 



z'(t) + / (d t u - d t v L ) 2 dx 



(4.9) lim 
We next show 

Z(t) 

(4.10) lim — ^ = 0. 

t^+oo t 

Assuming (|4.10p and integrating (|4,9p between and T, we get the conclusion of the Lemma. 
We have: 



(4.11) / ip ( ^ J (ud t u - v h d t v h ) = / ip(-)u(d t u-d t v h )+l <p (^) (u - v L )d t v h . 

./TO3 V t / ./HJ3 V t / ./1B3 V t J 



(4.12) 



(0 («) 

Let sq > and write: 

(i) = / ( - J u(d t u - d t v h ) + / ip (-) u(d t u- d t v L ). 

J\x\<e t ./|a;|>£o* Vt/ 

Using Hardy's inequality, the first term in (|4.12|) can be bounded from above by 

/ \x\-7- r\u\ \d t u - d t v h \ < C e t, 

J\x\<e t \ x \ 

where C depends only on sup t > [\\(u, d t u)\\j IlxL2 + \\(v L , dtv L )\\jj lxL2 ] ■ Similarly, the second 
term of (|4.12p can be bounded as follows 



Ixl fx\ 1 
— V 

x|>eo* \ t / \X 



(§) I-, u(d t u - d t v L ) < C t. / \d t u - d t v L \ 2 . 

ytJ Ml V J\x\>e t 
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By Corollary I3.9L we get 



lim — 

t— >+oo t 



\x\>eot 



if u(d t u - d t v L ) dx 



0. 



Combining the preceding estimates, we get that the term (i) in (|4.11|) satisfies lim sup t _ >+00 j \ (i) \ < 
8q, and thus, as Eq is arbitrary small, 

1 



lim — (i) 

t^+oo t 



0. 



By the same argument on (ii), we get ()4.10p . which concludes the proof of the Lemma. □ 
Lemma 4.4. Let u be as in Corollary \4-2\ Then there exists a sequence s n — > +oo such that 



(4.13) 



(4.14) 



lim 



lim sup — 



(d t u(s n , x) - d t v L (s n , x)) dx 

Sn + A 







(dtu(t, x) — dtv L (t, x)) dx dt = 0. 



Lemma 14.41 follows from Lemma 14.31 from a straightforward argument. We omit the proof, 
which is almost identical to the one of [U Corollary 5.3]. 

We next show Corollary I4.2L Let {s n } n be the sequence of times given by Lemma 14.41 
Consider a profile decomposition for the sequence {(u(s n ) — v L (s n ) , dtu(s n ) — dtv L (s n ))} n , with 

profiles U[ and parameters {i,>, ^j,n}- As usual we can consider this as a profile decomposition 
for the sequence (u(s n ),dtu(s n )) with the extra profile (v L (s n ), dtv L (s n )). 
By (I4.13P in Lemma 14.41 and expansion (12. 7\\ . 

-U 



lim 

n— >oo 



dtUl 



A 



0. 



L- 



for 



This shows that the sequence \ — > is bounded if U[ ^ 0. Thus we can assume tj n 
I a j> ) n 

all j,n. By KT3\i again, d t W(0) = for all j. 

We next fix a small Jo > and reorder the profiles, so that there exists a Jo > 1 such that 

HVE/JjJa > 5 for j = 1, . . . , J and || VU^J 2 ^ < 5 for j > J . 

Note that we can always assume Jo > 1: if not, Proposition 12.11 would imply that the solution 
u scatters, giving the conclusion in this case. 

We will show that U 3 =W (up to transformations) for j < Jq and XJ 3 = for j > Jo. 

Fix ko > 1, and consider a sequence {\ n }n of positive numbers such that: 

(4.15) X n < \ k0tn 

(4.16) Vj G {1, . . . , J }, \ j>n < \k ,n A jV „ < \ n . 

Let tp G C°°(]R 3 ) such that ip(x) = 1 if \x\ > | and ip(x) = if \x\ < \. Consider 



UQ,n(x) = V L (s n ,x) + If 



■A) 



3=1 



+ WQ° n (x), Ui tn (x) = d t u(s n ,x). 



X \ 1 

Let {u n } be the sequence of solutions of (jl.ip such that 

(u n (s n ),d t U n (s n )) = («0,n,^l,n)- 
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Let T > be in the domain of definition of U k ° . Noting that 



,■=1 U KL \ A hn/ ^j,, j A-' \ A hnJ 



j=l...Jo "j,n J ' j=Jo+l...J j,n 



we get by Proposition [2J] that for t € [0, Afc 0i7l T), 

U n {Sn + t,x) = V h (s n + t,x) + V] — [P ( , J 

j=l. ..Jo /v j,n 



i=J +l...J A i,n 

where 



lim limsup 

J->oo n->oo 



sup ^ 

te[o,A fc0i „T) 



0. 



This implies that for all 9 E [0, T], 

X k 2 n( d ^n - d t v L ) (s n + x hhn e, x k(hn -) d t u ko (6), 

weakly in L 2 . In particular, fixing Eq > 0, 



ye e [0, T], lim / >%*(dtu n - d t v L ) (s n + A^fl, A fco , n y) d t [/ fc °(fl, y) 

= / (d t U k0 (6,y)) 2 dy, 

J\v\>en+\0\ V 7 



and by the dominated convergence theorem, 



(4.17) lim / / X%l(dtu n -d t v L )( Sn + X hhn e,X klhn y)d t U ko (9,y)dyd9 

n ^°°J0 J\y\>e +\e\ 

= f T f (d t U k °(8,y)Ydyde. 

JO J\v\>en+\e\ v 7 



The left-hand side in (|4.17p is equal to 

- / / (d t u n - d t v L )(s n + t,x)-^-d t U k ,- dxdt 

A k ,n Jo J \x\>\ ko , n e+t X k ' on \ A k ,n A k ,nJ 

= J—[ Xk °' nT [ (d t u-d t v h )(s n + t,x) -L d t U k ( -1— ,-?-) dxdt — > 

Xk ,nJ J\x\>\ ko , n e+t X k ' on \Xk ,n X ko ,nJ n->+oo 

for large n. We used that for large n, X kQ)n e > X n , and that by finite speed of propagation, 
u{s n + t,x) = u{s n + 1, x) for \x\ > \t\ + |A n . As a consequence, for all eq > 0, 

ft (d t U ko (6,y)) 2 dyd9 = 0, 

Jo J\y\>e +\e\ 
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which shows 

(4.18) f T f (d t U k °(0,y)) 2 dyd0 = O. 

JO J\y\>\6\ 

Recall that W is (up to scaling and change of sign) the only nonzero H , radial solutions of 
A/ + / 5 = on M 3 . Using (HTTS]) . we deduce as in [8] (see the end of the proof of Proposition 



5.1) that U k ° = or U k ° 



- 3/2 



ir 



for some ^k > 0. 



4.2. End of the proof. In this Subsection we conclude the proofs of Theorems Q] and [H The 
proofs are very similar, and we will focus on the proof of Theorem [1] (finite time blow-up case), 
leaving the proof of the other case to the reader. 

Assume that u satisfies the assumptions of Theorem Q] (with T + (u) = 1) and let WQ n be as in 
Corollary 14.11 Theorem [1] will follow from Corollary 14.11 and: 



(4.19) 



lim II Wo. 



nWH 1 



0. 



We will deduce f|4. 19j) from the following lemma: 



Lemma 4.5. Let u be as in Corollary \4.1\ For all k = 1, . . . , Jq + 1, there exists (after extraction 
of subsequences in n), a sequence {in} n suca that t n < t k < 1 and, for large n, 



(4.20) VxGM 3 , \x\>t k -t n 
where (uQ n ,u k n ) G H 1 x L 2 and 

Jo 

(4.21) lim u k 



u(t k n ,x) ,d t u = (u k Q \ n {x),u k hn {x) 



j=k ^j,n 



lim 

n— ¥oo 



l,n 



d t v{ti) - d t W n (t k - t n ^ 



L 2 



0. 



By convention, the sum in (I4.2ip is when k = Jo + 1. 
Indeed, let us first assume Lemma 14.51 and prove Theorem [1] 

Proof of Theorem [JJ By (|4.2ip in Lemma 14.51 with k = Jq + 1 , we have 



lim 

71— >OC 



■*>+! „,Jo+l> 



at 



where t n < t^ 0+1 < 1. Denote by u^ 0+1 the solution with initial condition (uq ^ 
t = 0. By Proposition 12. li for t G [0, so] («o > is chosen small so that 1 + sq is in the domain 
of v), 

(4.22) u J n 0+ \t) = v (t J n 0+1 + t)+w n (t J n 0+1 + t - tn) + f n (t), 

where: 



lim sup (||ry 



hi + \\d t f n (t)\\ L 2) =0. 



By finite speed of propagation and ()4.20|) . 

(4.23) {u J n 0+1 (t,x),d t ui 0+1 (t,x)) = {u(t J n 0+1 +t,x),d t u(t J n ° +1 + t,x)) 

for < t < 1 - t%> +1 , |x| > i + ^ 0+1 - i n . 
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By Proposition [23J for all t 6 R, 
(4.24) f [\Vw n {t,x)\ 2 + (d t w n (t,x)) 2 ] dx>\ I \Vwv, n {x)\ 2 dx. 

J\x\>\t\ 1 J 

Indeed, this holds, according to Proposition 12.51 for all t > or for all t < 0. From the fact that 
n f(=o — 0, we deduce that w n (t) — w n (—t) and thus that w n satisfies (|4.24p for all t. 

Combining (EL"22j) . (ET231) and (Q4"l) with t 
(4.25) 



1-i 



^0+1 



x > 



i+ 



Va 



+ 



- 2 , we get 

^° +1 + r 



dx>^ I \Vw , n (x)\ 2 dx + o n (l). 



As t n < ^ 0+1 , we have 



1 + _ 1 - t J n Q +1 _ _ 1 + t J n Q +1 



2 " 2 

thus the left-hand term in (|4.25p is 0, which shows that 



lim / | Vwo n {x)\ 2 dx = 0, 



□ 



which conclude the proof of fj 1 . T|> . 

It remains to show ([L9]). % P^H 1 - ((LB]), 

lim £(a(t n ),d t a(t n )) = J £[W1. 
n— >oo 

Using that E(a(t),dta(t)) has a limit as i — > 1 (see e.g. section 3 of [8]), we get 

lim E(a(t),d t a(t)) = J E[W], 

hence (|1 .9|) , which concludes the proof of Theorem [TJ 

Proof of Lemma \4-5\ We show Lemma 14.51 by induction. 

For k = 1, (I4.2ip follows from Corollary 14.11 with = t n , (ul n ,u\ n ) = (u{t n ) , d t u{t n )) . 

We fix k E {1, . . . Jo} an d assume that the statement of the lemma holds for this k. Let u k be 
the solution of (jl.ip with initial condition (uQ n ,u\ n ) at t = 0. By finite speed of propagation 
and $£20]), 

(u(t k +t,xj ,d t u(t k +t,x)j = (u k (t,x),d t u k (t,x)) , for \x\ > \t\ +t k n -t n . 
Furthermore by (|4.2ip and Proposition ^. 11 we get that for all A > 0, for all t G [— AX^^, A\)- tn \, 

(4.26) u*(t) = u(t + t*) + ^ -^W ( + w n (t k n -t n + t)+ r k n (t) 



where 



lim sup 

n ^°° -A\ k „<t<A\ k „ 



r k n (t) 



+ 



dtr k n (t) 



L 2 



0. 



As a consequence, for all p > 1, there exists N p such that 



Vn > N, 



. + 

H 1 



d t r k (p\ k ,n) 



< —. 

L2 ~ 2P 
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This yields an increasing sequence of integer {n p } p such that n p — > +00 and 



(4.27) 



lim 

p— >oo 



0. 



In view of (|4.ip . we can also chose n p large enough so that 



lim = 0. 

p->oo Afc + i in , p 



Coming back to (|4.26p . we obtain 



Jo ^ / \ 

Un p (pA fc , nj) ) = V (t k np +pX k , np ) + ~m W ( T~ ) + Wn v " *"p +^.%) + r t (p A Mp) 

v / „_ fc A„' \ A j,n P y v y 



3 



^n p (pAfc,np) = & u (*n p +P A M P ) + &™n p (*n p - *n p + pAfc, np ) + d t r£ p (pAfc.nJ . 

Let if S C°°(M 3 ) be a radial function such that ip(x) = 1 for |x| > 1 and <p{x) = for \x\ < 1/2. 
Let tut 1 = *L +pA fe „ . Define: 



,fe+i 

i 0,n„ 



Using that, as p — > 00, 



we get, in view of (|4.27p . 



Afc,n p P^k,n p ^k+l,n p <C • • • <S ^J ,n p , 



lim 



Jo 1 

% ; z> A i/ 2 1 A 



■w 



Yi 1 



+ 



0. 



L 2 



This yields (EOTD at the level fe + 1. By the definition of (uj+ 1 ,ii{"|; 2 ) 



U 0,n P ( X ) = U n P (P^k,n p ,x) , = d t U k p (pXk,n p ,x) , |x| > p\ k ,n p - 

By finite speed of propagation, (|4.20p and the definition of 

^n p (Mfc,„ p , x) = U (t^\x^ , d t U k np (p\ k , np , x) = d t U (t k +\ x) , 

Noting that t** 1 _ ^ = ^ _ t np + p\ rip > p\ np we obtain (|4.20|) at the level k + 1. 



□ 
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5. The case of only one profile 



In this section we show Theorems [2] and [5j Again, the proofs are very similar and we will 
focus on the proof of Theorem (2) 

Let u be as in Theorem [2) By Theorem Q] and the assumption that Jo = 1 , changing u into 
— u if needed, there exist sequences t n — > 1, t n < 1 and {A n } n , such that 



lim 

71— >OQ 



a{t n ) 



1 



,1/2 
An 



w 



An 



, d t a(t r 



0, 



where lim n . 
(5.1) 



An 
>°° 1-tn 



0. By JTJP, 



limj;(a(t),^a(t)) = £(W,0). 



Let <5o > be a small parameter. If the conclusion of Theorem [2] does not hold we get, in view 
of the variational characterization of W ([2], [26]), that there exists a sequence {t' n } n such that 
t' > t 



(5.2) 

and 

(5.3) 



|Va(t)| 2 + {d t a{t)f 



\VW\ 



< 5q for t n < t < t' n , 



\Va(t' n )\ 2 + {d t a{t' n )f 



\VW\ 



So- 



Consider, after extraction, a profile decomposition yJl ' , A Jin , ^, n | for the sequence (a(t' n ) , dta(t' n )) . 

Note that by ()5.3|) . the orthogonal expansion of the H 1 x L 2 norm and Claim [273]. there exists 
a constant cq > such that for all j, 

(5.4) E(W)>co(\\VUimh + \\dtUi(0)\\h) and £(<) > cq (||V^ 0i J|| 2 + ||<J|| 2 ) . 

Step 1. We first show that there is only one nonzero profile in the profile decomposition, and 
that 



lim 

n— >oo 



^ w 0,n\\ L 2 + 1 1 w l,n 1 1 L 2 



VJ > 1 

Indeed, if this does not hold we get by (|5.ip and (|5.4p that 
(5.5) E (U',uf) < E(W,0) 







for all j. By the result of [13] . we obtain that for every j, the nonlinear profile U 3 scatters in 
both time directions or blows up in both time directions. Scattering for all j would imply that 
the solution u is defined after t = 1, a contradiction. Thus one profile at least must blow up in 
both time directions, say U . We can assume t n = for all n. By (|5.2p . 

sup (|| VL^)!!^ + \\d t U l \\ 2 L2 ) < || W||| 2 + 5 . 

T-(C/ 1 )<t<0 V ' 

This shows that the blow-up of U 1 for negative time is a small type II blow-up in the sense of 
Theorem 1 of |8j . The conclusion of this theorem implies 

E{UlM) >E(W,0), 

contradicting ()5.5|) . 
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Step 2: contradiction. By Step 1, we have only one nonzero profile, say Ul, and the dispersive 
part (wq n , w\ n ) tends to in the energy space. Furthermore, scattering of U 1 in one time 
direction is excluded. Indeed, if it scatters for positive time, we get that u is defined beyond 
t = 1, a contradiction. Furthermore, (15. lj) and (15. 2p imply that U 1 is close to the manifold 
{±/x 3 / 2 VF(/x-), n > 0} for negative time, which shows that U 1 cannot scatter backward in time. 
This shows that —t\ >n /\\ n is bounded, and that we can assume that t\ >n = for all n. Finally, 
we obtain 



lim 

n— >oa 



<t' n ) - v(t' n ) 



1 



.1/2 
A l,n 



VL.n 



, d t u{t' n ) - d t v(t' n ) 




.3/2^1 
A l,n 



0. 



mxL 2 



E(U£,Ul) = E(W,0). 



By dSU), 
(5.6) 
By ^M, 

(5.7) HVt/o 1 !!^ + II^H^ = \\VW\\ 2 L 2 ± 5 . 

We distinguish two cases. 

If the sign in (|5.7p is a minus sign, then by the classification of solutions at the critical energy 
from [9], we obtain that U 1 scatters in at least one of the time directions, a contradiction. 

Next assume that the sign in (|5.7p is a plus sign. In view of (|5.2p . 

vte (T.C^J.O), llVf/^OH^ + H^f/ 1 ^)!!^ < ||VW||i 2 + 5o 

This show by the rigidity Theorem 16.21 in Section [6] that C/ 1 = VF + (up to a time translation). 
By Theorem 16.71 W + blows-up for positive time with type I blow-up, which contradicts the fact 
(consequence of (I1.3P ) that U 1 is bounded. This concludes the proof of Theorem [2j 

6. Properties of W + 
Recall from [9] that there exists a solution W + of (ll.ip such that 



E[W^ 



■2) 



E[W], / \VW 
T + (W + ) = 1 



> 



\vw\ 



(6.3) T_(VF + ) = -oo and 3C > 0, Vt < 0, \\W + {t) - W\\ til + \\d t W + (t)\\ L 2 < Ce t/C . 

Note that implies, by Claim O that J|VW+(t)| 2 > / |VW| 2 for all t G (-oo,l). The 

properties (|6.ip and (|6.3p characterize VF + up to time translation (see Lemma 6.4]): 

Proposition 6.1. Let u be a solution of (jl.ip (possibly not radial) such that 

(6.4) E[u]=E[W], [ |Vu(0)| 2 > / \VW\ 2 

(6.5) T_(n) = -oo and 3C > 0, Vt < 0, \\u(t) - W\\ kl + \\d t u{t)\\ L 2 < Ce t/C . 
Then T + (u) < +oo and, denoting to = I — T + (u), 

u(t) = W + (t + t ). 
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In Subsection 16.11 we deduce from Proposition 16.11 a stronger uniqueness statement. In Sub- 
section 16.21 we show that the blow-up of W + at t = 1 is of type /, i.e. 

limsup||(W + (t),^ + (t))||^ lxL2 =+oo. 
t-i-l 

This section uses some of the results of our previous works [13], [9] and [7], but is completely 
independent of the preceding sections. 

6.1. A rigidity theorem. In this subsection we show the following rigidity result: 

Theorem 6.2. There exists a small 5o > such that the following holds. Let u be a solution of 
(jl.ip (not necessarily radial) such that 

(6.6) E(uo, Ul ) = E(W,0) 

(6.7) Vte(r_(u),0), ||W||| 2 < \\Vu(t)\\ 2 L2 + ±\\d t u(t)\\ 2 L2 < \\VW\\ 2 L2 + S . 

Then, up to change of sign, scaling and time translation, u = W + . 

Let us mention that Theorem 16 . 2 1 also holds in space dimension TV = 4, 5 for the corresponding 
energy critical wave equation (replacing the coefficient 1/2 in front of ||(9t , u(i)|| 2 by (N — 2)/2)). 
To simplify the exposition, we only write the proof in space dimension 3. 

Sketch of proof The proof of Theorem 16.21 is very close to the proof of Theorem 2 (a) in jSj, and 
we only sketch it. It is divided into 5 steps. The main difference with respect to the proof in [9] 
is the use of the description of small type II blow-up solutions (from [7J) in Step 1. 

Step 1. Compactness. We first show that there exist X(t),x(t) defined for t £ (TL(u),0] such 
that 

K - = { W7i" (*■ m + x{t) ) ■ w^ B,u W) + x(t) ) • 1 € {T - {u) - 0] 

has compact closure in H l x l? . This follows from the compactness argument introduced in 
[12] , [13] - It is sufficient to prove that for any sequence t n — > T_(u), there exists a subsequence 
(still denoted by {t n } n ) and sequences {A n } n , {x n } n of parameters such that 

1 7 U (tn, T- + X n ) , -^0 t U ( t n , — + X T 



\An V n / A„' V A n 

converges in H 1 x L 2 . Note that by (|6.6p . (|6.7p u does not scatter in any time direction. Indeed, 
assume for example that u scatters forward in time. Then 



lim u £ Ue =0- 

t— >+oo 

Hence by (|6.7p and conservation of energy, E[u] > |||VW||^2 = lE[W] a contradiction with 
For a given sequence t n — > T-(u) consider, after extraction, a profile decomposition: 



(u(t n ),d t u(t n )) 



1 




BOUNDED SOLUTIONS FOR CRITICAL WAVE 



3V 



where (w^ n ,w{ n ), Aj /n and Xj >n satisfy the pseduo-orthogonality property: 



lim 



•\j,ra , Afc,n , F.7*,n tk,n\ , \-^j,n ^k, 



+ 



Afc,n A 



+ 



J. a 



A 



+ 



A 



+00. 



J-" 



and ()2.4p . As usual, we denote by U 3 the corresponding nonlinear profiles. As u does not scatter, 
there is at least one nonzero profile, say U^. We must show 



(6.8) j > 2 => U[ = and lim (yd _ , w{ _) 

By Claim [231 there is a constant c > such that for all j, 



E[Ul 



A?, n 



> c 



\7,n 



d t Ul 



0. 



A 7, n 



2 

mxh 2 



and 



^ ^ c ll( u 'o,n> u 'l,n)lltfi 



xl 2 ' 



Thus, in view of the expansion of the energy (|2.8j) . if (16. 8p does not hold, there exists e > 
(independent of j) such that 

Vj > 2, £J[tP] < - e, £(<„, u^J < - e. 

In view of (16. 7|) . there is at most one index jo such that ||V[P°(— ij ,n/Aj , n )||^2 > ||VW||? 2 - 
Assume that such an index exists. By [13], U 30 blows-up in finite time. By Proposition 12.11 
(|6.6p . (|6.7p and expansions as in (12.6H . f)2.Tf) and (|2.8|) . CP is a type II blow-up solution that 
satisfies 

sup ||V£P'°(f)||£ 2 + i||V£/J°(i)||| 2 < || W|| 2 + S , E[U jo ] < E[W]. 

This contradicts the fact that the main theorem of [7] implies that E[U 30 ] > .E[W] showing that 
for all j, 

\\VU j {-t j)n /\ hn )\\ L 2 < \\VW\\ L 2. 

Let us mention that the main theorem of [7j only holds in space dimension 3 and 5. To prove 
Theorem 16.21 in dimension 4, one should use [7J Corollary 3.2], which also implies that E[U 30 ] > 
.E[W] and holds in space dimensions 3, 4 and 5. 

By [133, all profiles U 3 scatter. This shows that u scatters, a contradiction. We have shown 
(USD, i.e. 



(u(t n ),d t u(t n )) 



X] /2 ' V Al,n ' Xl,n J ' A?/ 2 
l,n l,n 




+o„(l) in i^xL 2 . 



It remains to notice that the fact that u does not scatter in any time direction implies that 
— ii,n/Ai,7i is bounded, which shows the desired compactness property and concludes Step 1. 

Step 2. Global existence for negative time. It follows from Step 1 and Proposition 4.5] 
that T-{u) = —00. We omit the proof and refer the reader to [7J. Let us mention that the 
main ingredients of this proof are the impossibility of self-similar blow-up, shown in [13], and 
monotonicity formulas as (|6.9p below. 
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Step 3. Convergence for a subsequence. We introduce 



d(t) = / |V«(t)| 5 



\vw\ 2 + 



1 



{d t u{t)f. 



Then one can show: 



1 f° 

lim - / d(t)dt = 0. 
This follows from the following properties, shown in [9j Proposition 2.8]: 



lim \t\X(t) = +oo, lim — = 0, 

t— >— oo t— >— oo I 



and from the identity: 

(6 - 9) jtL udtuip ^ 



(dtuf 



|Vu| 2 + u b + 



If {d t uf + \Vu\ 2 + \uf ) 
\J\x\>R J 



> 2d(t) + 0\ f ( 

\J\x\>R 



{dtuf + \Vu\ 2 + |u| 6 , 



where if E Cq°(]R 3 ), v?(x) = 1 for \x\ < 1. We omit again the details, refering to Subsection 3.1 
of [9]. 

Step 4- Modulation. Let £ < 0. By Claim 3.6 and Lemma 3.7 in [9], the property d(t) < 6q 
implies (if <5q > is small enough) that there exists fj,(t) > 0, X(t) G M 3 such that 



x(t) g <^ w, a X2 w, 9x3^, -w + x-vif 



/x(*)V2 v>(t) 

where the orthogonality is to be understood in the sense of the H 1 scalar product. Furthermore, 
chosing a(t) such that 



1 



1, 



f{t) = J[(tj^ U { t ^ + X( - t) ) ~( 1 + a ( t )) W ^ \W,d Xl W,d X2 W,d X3 W,-W + x-VW\ , 
we have the following estimates, uniformly for t < 0: 

(6.10) \a(t)\ « ||V(a(t)W + /(t))|| i3 « ||V/(t)|| i2 + ||^«(*)||^ « d(i) 



(6.11) 



a' 


+ 


A*' 






A* 




A* 2 



+ |*'(t)|<d(t). 



It is easy to see that the compactness of K— implies that the following set has compact closure 
in H 1 x L 2 : 



K. 



u t 



+ X(t) 



1 



/i(i) 3 / 2 



dtu[t,—- + X(t)) , t€(T_(«),0] 



Step 5. Exponential convergence and conclusion. In this step we show that (after a change of 
sign if necessary) there exist /ioo > 0, X^ G R 3 and C > such that 



(6.12) 



t < 



(u(t),dtu(t)) 



1 



1/2 
» A^oo 



ir 



A^oo 



,0 



mxL 2 
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This will conclude the proof according to Proposition 16. 11 The arguments are again very close 
to the ones of [9] and we will only sketch them, refering the reader to Subsection 3.3 of that 
paper for the details. 

By a careful analysis of the remainder term in the identity (|6.9p . using the modulation theory 
described in Step 4, one can show (see |9l Lemma 3.8]): 



(6.13) 



a < t < 



=> / d(t) dt<c( max \X(t)\ + ) (d(<r) + d(r)). 



(6.14) 



a < t < 



\X(a)-X(T)\ + 



1 



Furthermore, integrating (|6.1ip between a and r, we get 

1 

According to Step 3, there exists a decreasing sequence r n — > - 



< 



d(t)dt. 



oo such that 



lim d(T„) = 0. 



We first note that (|6. 13[) and (|6.14p imply that |X(i)| + is bounded on (— oo,0]. Indeed, let 
m > 1 and, for n > rn, M n = max{\X(t)\ + l/fJ,(t), t G [r n ,r m ]}. Combining ff67T3]) and (f57Hj) . 
we get for t G [r n , r„ 



1 /' Tm 1 1 

*(*)| H 77T — C / d(t)dt + X(r m + < CM n (d(r m ) + d(r n )) + Jf(r m )| + — -. 



Hence 



M n < CM n (d(T m ) + d(<r n )) + |X(r m )| + 



1 



which implies the boundedness of |-X"(i)| + l/pi(t), fixing m large (so that Cd(r m ) < 1/2) and 
letting n — >• oo. 

Coming back to (|6.13j) . we obtain the diffential inequality J_ d(t) dt < Cd(r) and thus 



(6.15) 



d(t)dt < Ce c 



Together with (|6.14p . we get that there exist X^ S K 3 , f M > such that 



|X«,-*(t)| + 



M(r) 



< Ce r/C \ r < 0. 



After a space translation, one may assume X^ = 0. The inequality 



\X(t)\ + 



1 



Mr) 



< C max \X(t)\ + 



M (i) 



T < T„ 



0. Hence, letting 



-00<t<T n 

which follows from (|6.13p and (|6.14p implies that we cannot have 

A*oo — 1/ ^oo 

(6.16) \X(t)\ + \fi(r) -n^l < Ce T / c , r < 0. 

It remains to show that d(t) < Ce*^ for i < 0. This follows from (|6.15p and the estimates 
\a(t)\ » d(t) and |a'(i)| < d(t) in (foTTUI) . (JETTD . In view of (16401) and (jBTTB]) . this shows (I6TT2D 
and concludes the proof of the Theorem. □ 

We conclude this section by giving a corollary to Theorem 16.21 and the main result of [14] , 
which completes Theorem 2 of [9]. 
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Corollary 6.3. Let u be a radial solution of (jl.ip such that E[u] = E[W]. Assume that 
J*|Vuo| 2 > J|VVF| 2 . Then u blows up in finite time in both time directions or u = W + up to 
the symmetries of the equation. 

Remark 6.4. In Theorem 2, c) of [9], the same result is stated for (possibly nonradial) solutions 
such that uq € L 2 . 

Remark 6.5. The radial restriction comes from |14j . If the main result of [14] holds without 
radiality assumption, then Corollary 16.31 holds for general nonradial solutions of (11.11) . 

Remark 6.6. For simplicity, we stated Corollary 16.31 in space dimension 3. Since the proof of 
Theorem 16.21 can be adapted to space dimensions 4 and 5, and the main Theorem of [14j also 
holds in dimension 5, we can conclude that Corollary 16.31 holds for the energy-critical equation 
in dimension 5 also. Similarly, the generalization of [H] to dimension 4 would imply Corollary 
in dimension 4. 



Proof. Let 

s = {(m w (a) •") • *>°.'=±i}- 

Let rj > 0. By the main theorem of |14| . there exists a neighborhood B of S in H 1 x L 2 , within 
O(^yrj) distance in H 1 xL 2 such that for any radial solution u of (11.11) satisfying E[u] < E[W]+?], 
one of the following holds: 

(6.17) 2 + ( n ) = +°° an d u scatters forward in time. 

(6.18) T + (u) = +oo and (u,dtu)(t) G B for large positive t 

(6.19) or T + (u) < oo. 

Let u be a solution of (fl~T|) such that E[u] = E[W] and / |Vu | 2 > / \VW\ 2 . Then by Claim 
12.31 f \^ u (t)\ 2 > / |Viy| 2 for all t in the domain of existence of u. In particular, by the same 
argument as in Step 1 of the the proof of Theorem I6.2[ (16.171) is excluded. 
Assume that (I6.18P holds. Then 

Vt>0, J |VH^| 2 < J \Vu(t)\ 2 < J \VW\ 2 + C^q. 

Taking rj small enough, we get by Theorem 16.21 that u = W + up to the symmetries of the 
equation. The same argument for negative times implies that u blows up in both time directions 
or u = W + modulo symmetries, concluding the proof. □ 

6.2. Type I blow-up. The purpose of this subsection is to show that the blow-up of W + is of 
type I, i.e: 

Theorem 6.7. 

limsup \\VW + {t)\\ 2 L2 + \\d t W + {t)\\ 2 L2 = +oo. 
t-yl- 

We divide the proof into a few propositions: 
Proposition 6.8. Let u be a radial solution of (11.11) such that T + = T + (u) < oo and 

Vt G [T+ - £,T+), Vr > 0, d t u(t,r) > 0. 
Then the blow-up of u is of type I. 
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Proof. Assume that the blow-up of u is a type II blow-up. We will reach a contradiction in two 
steps, using the general description of blow-up type II solutions given in (H Section 3]. 

Step 1: convergence of u in L 6 . As in the beginning of subsections 13.11 we denote by (vq,V\) 
the weak limit, in H 1 x L? of (u(t) , dtu(t)) as t — > T+, and by v the solution of (jl.ip with initial 
condition (vq, vi) at t = T+. We have (taking a smaller e > if necessary), 

u G C° ((T+ - e, T+), H l ) , f € C7°((T+ - e, T+], F 1 ^ 

and thus, by one-dimensional Sobolev embeddings, and using that u and v are radial functions, 

u G C7° ((T+ - e, T+) x (M 3 \ {0}) ) , « G C° ((T+ - 6, T+] x (M 3 \ {0}) ) . 

By finite speed of propagation, u — v is supported in the set {\x\ <T + — t}, which implies 

x ^ =>■ lim u(t,x) = vq(x). 

As 9fit > 0, we obtain 

Vi G (T + -e,T+), it(T+-e,x) <n(t,x) < «o(s). 
Using that Uo G L 6 , we get by dominated convergence: 
(6.20) lim ||u(t) - ^oll L 6 = °- 

t — >T+ 

Step 2: profile decomposition and contradiction. Let t n — > T + . Consider, after extraction of a 
subsequence, a profile decomposition for the sequence (u(t n ) — vo,dtu(t n ) — v\): 

( J 



(6.21) 



u(t n ) -v = Y, ~^ u i fir 2 . t~~) + w iM> 

,- = i A 2 ^ A J>/ 

9ttt(*n) - «i = J] —dtUi ( r 2 ^' r~ J + 



where, the solution the linear wave equation (|2.ip with initial conditions (wq n , wf n ) satisfies 

4231). 

Consider, for every j, the nonlinear profile U° associated to (ill ' , { — tj,n/^j,n}„ \ ■ Let J be 

the set of indices j such that U 3 does not scatter forward in time. The set J if finite and not 
empty (if J is empty, u scatters forward in time, a contradiction). For j G J , one may assume 

(6.22) tj, n = or 

-tj,n 



.23) lim — = -oo. 

n->+oo \j n 



For j G chose Tj in the domain of definition of U 3 and such that 

(6.24) U j (Tj)^0. 

If (|6.22j) holds, we can also assume Tj > 0. Note that this implies in both cases (|6,22p or f|6.23|) 
that for any j in J , for large n, 

(6.25) t j>n + X jtn Tj > 0. 
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Reordering the profiles and extracting subsequences, we may assume: 

1 G J and Vn, U n + Ai n Ti = min (t 

jej 

We will show that C/ 1 (Ti) = 0, which will contradicts (|6.24p for j = 1. 
By Proposition 12. 1\ t n + t\^ n + Ai jn Ti < T + (u) for large n and 



.26) 



u{t n + ti 7n + Ai jn Ti) = v Q + — j— C/ 1 ( Ti, 

A l,n 



J" 2 A l,n 



Al,n 

£i,n + Ai, n Ti — t 



.1-11 



\j,n 



+ win, 



d t u(t n + t hn + \ ljn Tx) 



+ ^^C/ 1 ( Ti, 



A l,n 



^= 2 X ln 



Ai, 



il,n + Ai jn Ti — i 



Aj,n A^n 



where the solution of the linear wave equation with initial conditions (wQ n ,wf n ^j satisfies 
(|2.4p . As a consequence of ()6.25j) for j = 1, we get (using that for large n, t n +t\ tTl +\\^ n Ti < T + ), 

(6.27) lim t n + ti n + Ai n T t = T+. 

n— >oo 

In view of (|6,26p and using the pseudo-orthogonality of the sequences of parameters, we get, by 
the expansion of the L 6 norm: 

liminf \\u(t' n ) - v \\ rG > \\U 1 (T 1 )\\ 6 , 
where t' = t n + t\ n + X\ n T\ — > T+. This contradicts (|6.20p . unless U l {T\) = 0, concluding 

n— >oo 

the proof. □ 

We next prove a result on positive solutions of (|l.ip . In this lemma, it is not necessary to 
assume that the solution u is in the energy space. 

Lemma 6.9. Let u be a C 3 , radial solution of (II. ip such that 



(6.28) 


Vr > 0, u (r) > 


(6.29) 


r i — y ruo(r) is nondecreasing on (0, +oo) 


(6.30) 


Vr > 0, ui(r) > 


(6.31) 


r i—)- ru\{r) is nondecreasing on (0, +oo) 


(6.32) 


Vr > 0, Au (r) + ul(r) > 0. 


Then 




(6.33) 


Vt G (0,T+(u)), Vr > 0, ii(t,r) > and d t u(t, 



We first prove the following positivity lemma for the linear wave equation: 
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Lemma 6.10. Let L > 0, / a continuous radial function on (0, L) x R 3 , and u a C 2 , radial 
solution of 

d 2 t u -Au = f 
ui t=0 = u , d t uit=o = u 1 , 

defined for t G [0, L) such that 

(6.34) VrG(0,L), u (r) > 

(6.35) r i— > ruo(r) is nondecreasing on (0, L) 

(6.36) VrG(0,L), m(r) > 

(6.37) Vt € (0, L), Vr, < r < L - t => /(i, r) > 0. 
T/ien 

(6.38) \/t G (0, L), Vr, < r < L - t => u(i, r) > 0. 

Furthermore if one of the inequalities in (|6.34|) or (|6.36|) is strict, or if the function 1 1— >■ ruo(r) 
is strictly increasing on (0,L), then (|6.38j) ZioWs u>ii/i a strict inequality. 

Proof. Consider the functions defined for (i, s) E (0, L) x BL by 

(6.39) s) = su(t, \s\), v (s) = su (|s|), vi(s) = su^t, \s\), F(t, s) = sf(t, \s\). 
Note that all these functions are odd in s. Then 

d}v - d 2 s v = F, v^ t =Q = v , d t vit=o = v\. 

Thus, for t€(0,L),«6R, 

rt+s rt rt—r+s 

(6.40) 2v(t,s) = v (t + s)-v (t-s)+ Vl (p)dp+ / F(T,p)dpdT. 

V V ' Jt-S JO Jt-T-S 

(a) v v ' * v ' 

(6) (c) 

We check that for < t < L, < s < L — t, each term (a), (6) or (c) is nonnegative. 

If i - s > 0, then (a) = (t + s)u (t + s) - (t - s)u (t - s) > by (15351) . If t - s < then 
(a) = (t + s)u (t + s) + (s- t)u (s - t) > by (p^j) . 

Distinguishing between the cases t — s > and t — s < 0, we get the following formula for (6): 

/•t+s 

(6) = / pu!(p)dp, 

J\t-s\ 

which is positive by (|6.36p . 
Similarly, 

ft pt—T+S ft ft — T + S 

(c)= / F(t,p)dp= / pf(T,p)dpdr, 

JO Jt-T-S JO J\t-T-S\ 

and (c) is positive by (|6.37p . Hence (I6.38p . 

If one of the inequalities in ()6.34p or (|6.36|) is strict, or if the fonction r i— > ruo(r) is strictly 
increasing on (0, L), the same proof shows that the inequality in (|6.38p is strict. □ 

Proof of Lemma\6M Let L > 0. We will show that (f6733l) holds for t G (0, T+), r G (0, L - t). 
As L is arbitrary, the proposition will follow. 
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As u\t=o(r) > 0, dtUit=o(r) > and <9 2 u^ = o(r) > for all r G (0, L], we get that there exists 
a small to > such that 

(6.41) Vt G (0, t ), Vr G (0, L], u(t, r) > and &u(t, r) > 0. 

We argue by contradiction. Assume that 

M = It G (0,T+(u )), 3r G (0, L — t) s.t. u(t,r) < or d t u(t,r) < o} 
is not empty. Let ti = inf M. Then by (16.41f) . t\ > 0. Let w = dtu. Then 

d}u - Au = u 5 , U{ t =o = n , d t u^=o = u\ 
d\w — Aw = 5u 4 w, w\t=o — u\, dtw\t=o = Auq + u . 
By Lemma (ffTTOD . the definition of M and assumptions (^281) . (^291) . (^301) . (fOTT) and (l6T32]l 

Vr G (0,.L-ti), u(t 1 ,r)>0, d t u(ti,r) = w(t u r) > 0. 
By continuity of u and there exists t2 > t\ such that 

Vr G (0, L — t 2 ), u(t 2 ,r) > 0, d t u(t 2 ,r) > 0, 
contradicting the fact that ii = inf N . The proof is complete. □ 

In view of Proposition 16.81 to conclude the proof of Theorem 16.71 it is sufficient to show the 
following result: 

Proposition 6.11. The solution W + satisfies 

W + (t,x)>0, d t W + {t,x)>0 

on its domain of definition. 

Proof. Consider the sequence {u n } n of solutions of (II. 1|) with initial data (tt°,it^), where 

1 + -W ui = 0. 

n J 

We will show that u n converges, up to a time translation, to W + . We start by analyzing u n . 
Step 1. Properties of u n . We have 



e m=K i+ £>7 |w| SH 

Using the equality J |VW| 2 = J W 6 , we get 



(6.42) E[u n ] - E[W] 

Furthermore 



; i + - 



n 



; i + - 



n 



W b 



IWT < 0. 



Vn°| 2 > / IVWP. 



As a consequence, by [13], u n blows-up in finite time in both time directions. 
We next show 



(6.43) 



Vt G (0,T + (u n )), Vr > 0, d t u n (t,r)>0, u n (t,r)>W. 
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Indeed, we can check that u n satisfies the assumptions of Lemma 16.91 Obviously, u° > and 

1 



u n — 0- Furthermore 



ru° n (r) = ( 1 + - 
\ n 



is an increasing function of r, and rv} n {r) = 0. Finally, 



1 + - W 5 + f 1 + - ) W 5 > 0, 

n I \ n , 



and (|6.43|) follows by Lemma [ 

Fix a small parameter So > 0. By Proposition 16. 8| the blow-up of u n for positive time is of 
type I. As a consequence, 

t n = inf {t>0,J \V(W - u n (t))\ 2 + J (d t u n (t)) 2 > Jo | 

is well-defined (and, for large n, strictly positive). We have 



.44) 
.45) 



VtG [0,i n ), \\W - Un^Wl, + \\d t u n {t)\\ 2 L2 <5 
\\W - u n {t n )\\ 2 kl + \\d t u n {t n )\\ 2 L2 = Sq. 



Step 2. Convergence of u n (t n ). 

After extraction of a subsequence, we can assume that the sequence (u n (t n ), d t u n (t n )) admits 

a profile decomposition ^Ui;tj tn , A Jire |. Reordering the profiles, we assume 



(6.46) 
Then 
(6.47) 



xL 2 



max 



{UlU[) 



mxL 2 



J\vul\ 2 + f {ulf>\J\vw\ 2 . 



If not, by [13], all the profiles would scatter in both time directions contradicting the fact that 
u n blows up. By (|6.45p and (|6.47p and the expansion of the H 1 norm, 



(6.48) 



Vj > 2, 



+ 



u{) 2 < I I 



As a consequence, by [13] again, all the nonlinear profiles {U 3 )j>2 scatter in both time directions. 
By (I6.45p . there exists a constant C > such that C _1 < Ai jn < C for all n. Rescaling U , we 
will assume 
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We will prove that U 1 satisfies the following properties: 



(6.49) 
(6.50) 

(6.51) 
(6.52) 

(6.53) 
(6.54) 
(6.55) 

We first show 
(6.56) 



Ep 1 } = E[W] 
lim \\(u n (t n ),dtu n (t n )) - (Uq, ^iOIUi., j2 
T-p 1 ) = -oo, 



vt < o, / I v (u\t) -w)\+ J {d t u\t)) < 5 
J |v {uHo) -w)\ 2 + J (dtuHo)) = 5 

Vt e (-oo,T+(f/ 1 )) , d t U l {t) > and U l {t) > W 
VtG (-oo,T + (f/ 1 )), J \VU\t)\ 2 > j |W| 2 . 

yt g (t~(c 1 ), o], y |v(i/ 1 (t)-wO| 3 + J{d t U\t)f<8 . 



Indeed t n — > +oo. If not, by continuity of the flow, a subsequence of {(u n (t n ), dtu n (t n )} n 
would converge to (W, 0) in the energy space, a contradiction. Furthermore if e > 0, then for 
t S [T - ^ 1 ) + e,0] we have 

J 



u n {t n + t,x)-W = U 1 (t,x)-W + J2 -^U j 



d t u n {tn + t) = ^2—d t U j 



- 1 X j,n 



J 

t - t 



2 A? 



X ' X 



+ u} n (t,a;), 



X X • 



+ d t w J n {t,x), 



with 



lim limsup \\w^\\ r8 ,„_, rrl 

'— >+oo 



0. 



J^+oo n _>ocf 11 '""^ ^ )+e.0) 

Expanding the H norm, we get that if t e (T~ (U 1 ) + e, 0) , 

liminf^y' |V(n n (t„ + t)-^)| 2 + J {d t u n {t n + t)) 2 ^j > J ^(U^t) - W)\ 2 + J {d t U\t)f , 

and (gCMD follows from (15331) ■ 

We get as a consequence that T~(U l ) = — oo. Indeed if T~(U l ) is finite (|6,56p implies 

vteCT-c^o], y \VU\tf + J(d t U\t)f< J \VW\ 2 + C^/6~ , 

and U 1 is (if 5o is small enough) a small blow-up type II solution in the sense of [8]. But (16.561) 
contradicts the description of this type of solutions given in [8]. Thus T~(U l ) = — oo (i.e. (|6.5ip 
holds) and (|6.56p implies (16.52j) . 

By (j6.48p . the energies of all profiles W and of the remainder are positive. By the 
Pythagorean expansion of the energy, E\U l ] < E\W\. By [13], ElU 1 ] < E[W] is excluded: 
in this case the solution blows up in finite time in both time directions (excluded because 
T~(U 1 ) = — oo) or scatters in both time directions (excluded by (I6.52p ). Hence (|6.49p holds. 
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Again by the Pythagorean expansion of the energy and using that 

lim E[u n ] =E[W], 

n-»oo 

we get 

Vj > 2, U j = and limsup ||V^ n ||| 2 + ||iwf jn |||a = 0. 

n— >oo 

Similarly, 

lim limsup ||Vi«onlli a + ll^i Jli 2 = ®' 

J-s-oo n ^oo ' ' 

In other words (|6.50p holds. 

The equality (|6.53p is then a direct consequence of (|6,45p . The inequalities (|6.54p follow from 
flOgD and (^301) . 

Finally as / \Vu n {t n )\ 2 > J \VW\ 2 for all n, we have / | Vt/ 1 (0)| 2 > / \VW\ 2 . By the varia- 
tional characterisation of W given by Aubin [2] and Talenti the equalities E[U l ] = E[W] and 
/ | W 1 (0)| 2 = / \VW\ 2 would imply U 1 = W, which is excluded by (^331 . Hence / | Vt/ 1 (0)| 2 > 
/ \VW\ 2 . As E[U l ] = E[W], we know from [g] that the sign of / | W 1 ^)! 2 - / \^W\ 2 does not 
change. Hence (|6.55p . 

Step 3: conclusion. By Theorem 16. 2\ modulo symmetries, U 1 = W + . In view of Proposition 16.81 
the blow-up of W + is of type I, which concludes the proof of Theorem 16.71 □ 

Remark 6.12. As a consequence of the proof above and of [13] we obtain a complete description 
of the family of solutions U c , c > 0, with initial data (cW, 0). If c ^ 1, an explicit computation 
shows that E[U C ] < E[W]. Hence, by [13], if < c < 1, U c scatters in both time directions. If 
c = 1, U c is the stationary solution W. If c > 1, U c blows-up in both time directions and, by 
Proposition 16.81 and Lemma 16.91 t ne blow-up is of type I. 

Appendix A. Pseudo-orthogonality of profiles 
In this appendix we show that 

(A.l) lim / VUl(a n ,y)-Vwi(a n ,y)dy = 0, 

where (using the notations of Subsection 13. ip , a n € , 2 < j < J and S n = {a n + tq — eq < 
\y\ <o- n + r }. 

The proofs of the analog of (jA.ip for the time derivatives and of the fact that the other 
integrals in ()3.32j) tend to are similar, but easier, and we leave them to the reader. We will 
use the following result, which follows immediately from the dominated convergence theorem: 

Lemma A.l. Let f n ^0in L 2 (R), and consider I n a sequence of interval such that the sequence 
of characteristic functions {xi„}n tends pointwise to xi (where I is an interval). Then 

Xl n fn - 1 in L 2 (R) as n — > oo. 

Note that in the Lemma, I might be empty or reduced to a single point. 
Using that {d 2 — d 2 )(rw^) = 0, we get that 

w J(r,r) = ^[G J n (T + r)-G J n (r-r)], 

where G J n {s) = §«jj n (|a|) + \ crwi^a) da. Similarly U[{t, r) = \ [F\t + r) - F\t - r)] , 
where F^ is defined as G J n from the initial data of U[ . 
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Step 1. We first check: 



(A.2) / d r Ul n (a n ,r)d rW J(a n ,r)r 2 dr 

J cTn+ro— eo 

1 fTn+ro 1 

rd s F> I 



4 / _l \V2 

"* Ja n +r -e \ .' n 



'n 'j,n 



A 



d s Gi(a n -r)dr + o n (l). 



Indeed, by integration by parts, 



CTn+r 



9 r Ul n (a n , r)d r wi{a n ,r)r 2 dr 



Vn+ro-eo 



d r (rUi n (a n ,r)) d r (rw J n (a n ,r))dr + rUl n (a n ,r)w^(a n ,r) 



crn+ro— eo 



and the boundary terms tend to by standard arguments, using that w^(a n ) tends weakly to 

in H 1 . Thus (|A3|) will follow from: 

(A.3) 



lim 

n— >oa 



crn+ro 



crn+ro -eo 



0~n f 7~j,n 



dr 



Xj n n-+oc 



crn+ro 2 

/ (d s Gi(a n + r)) dr = 0. 

cTn+ro-eo 



It is easy to show that the first limit is 0, using the fact that d s F^ G L 2 (M), that (2a n + ro — 
Eo)/\jn) — ?• oo as n — 7- oo, and the change of variable s = ° n I Tj,w . To get that the second 
limit is also 0, we write 



(d s G J n {a n + r)y dr 

crn+ro— eo 

crn+ro / Q 

Or 



I (7-(K+rK )n K + r)) dr+ / ((<j n + r)< )fl (<7 n + r)) dr 

crn+ro-eo \° r / J crn+ro-eo 

2cr n +ro / Q \ 2 />2o- n +r 



JfA SW L(s)) ds + 
° S J J2a n - 



<Wl,n( S )) ds - 



'2a„+r -eo \ us / J2a„+r -eo 

This last line goes to as n goes to infinity, because, as a n G /+, 2cr n + ro — eo > 1> and 



lim / {d r w J ^ n {r)Y + « >n (r))Vdr = 0. 



This completes Step 1. 

Siep 2: end of the proof. We have 



(A.4) 



CTn+ro 



CTn+ro-eo A 



1/2 



3,n 



Aj,n 



d s G J n {a n - r)dr 



r + T j,n 



3 s i^(-#) aV 2 ^^ - A,- n 0) d6 

0~ E + T j,n Jy J > ■" 
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Using that d s G J n (T-r) = d r (rw^(T,r))-d T (rw^(r,r)), we get by ([23]) that ^d s Gi{r j% n -\ jt n 6) 
tends weakly to in L 2 (M, dO), which implies by Lemma lA , 1 1 that the last integral in (]A.4[) goes 
to 0, concluding the proof. 
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